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Introduction

The Frequency Response Function (FRF) method is demonstrated by an example. Consider
the system in Figure 1.

ma

Figure 1.

The system also has damping, but it is modeled as modal damping.

A free-body diagram of mass 1 is given in Figure 2. A free-body diagram of mass 2 is given
in Figure 3.
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Figure 2.

Determine the equation of motion for mass 1.

SF=my %y o)

my X1 =k3(x2 —x1)—kq (x1 -y) )

my X1 + kg X —k3(x2 —x1)=kpy (3)

my Xq +kq X1 +k3(xg —x2)=kgy (4)

my g + (kg +k3)xp —kax =k1y (5)
ka2 (X2-Y)

sz

l K3 (X2-X1)

mp

Figure 3.



Derive the equation of motion for mass 2.

Y F=mjyX> (6)
mg %2 =—k3(x2 —x1)-k2 (x2 ~y) (7)
mg X2 +kp x2 +k3(x2 —x1)=kay 8)
ma %2 +(k2 +k3g)x2 —k3x1 =k2y 9)

Assemble the equations in matrix form.
m 0 || X k1 +k -k k
1 X1 LM +K3 3 XLi_| X1y (10)
0 mo| Xo -k3z ko +kz|| x2 koy
Define a relative displacement z such that

X1 =21+Y (11)

X2 =22+Yy (12)

Substitute equations (11) and (12) into (10).

m 0 ||[Z1+V . ki+ks —K3 Z1+Yy _ kiy (13)

0 my|Zo+Vy —kj3 kKo +k3||zo+y Koy
m 0 (|1 . m1y . ki +kz —k3 Z1 N ki+k3z —-k3z |y _ kiy
0 mol|lZo moy -k3z ko+kzl| zo -k3 ko +k3|ly koy
(14)

A R A i [T Fod A B
0 mp|[Z2] [m2y -k3 ko +kz|[z2] |koy| |k2y



mp 0 || Z1 . ki+kz -k3 ||7n _ -myy (16)
0 mollZr -k3 ko +k3 ||l z2 -moy

Decoupling

Equation (16) is coupled via the stiffness matrix. An intermediate goal is to decouple the
equation.

Simplify,
MZ+Kz=F (17)
where
mq 0
M = (18)
0 my
ki +k -k
K=|"1 TK3 3 (19)
- k3 k2 + k3
|7
Z= 20
o e
T my
F { 13.’} (21)
—may
Consider the homogeneous form of equation (17).
MZ+Kz=0 (22)
Seek a solution of the form
Z=gexp( joot) (23)

The q vector is the generalized coordinate vector.



Note that

z=jogep(jot) (24)

i=-0? gep(jot) (25)

Substitute equations (23) through (25) into equation (22).

~o°M gexp(jot)+ Kgexp(jot)=0 (26)
Fo?M g+ Kaje(jot)=0 (21)
~on’M G+Kg=0 (28)
%&M +K}a=6 (29)
{K—sz }q:ﬁ (30)

Equation (30) is an example of a generalized eigenvalue problem. The eigenvalues can be
found by setting the determinant equal to zero.

det |K—2M | =0 (31)
ki +k -k 0
det{ 1%%3 3 }mz{ml }}:o (32)
-k3 ko +Kkj3 0 mop
2
det (k1+k3)—(0 mq —k3 , -0 (33)
—k3 (k2+k3)—c0 mo
[(k1+k3)—m2m1J[(k2 +k3)—c02m2J— k32 =0 (34)
004m1m2 —coz[ml(kz +k3)+ m2(k1+k3)]—k32 =0 (35)



The eigenvalues are the roots of the polynomial.

2 —b- b2 — dac

36
o1 23 (36)
2 —b+v b2 — 4ac
0° = (37)
2a
where
a=mqimo (38)
b =—my(kz +k3)+ma(ky +k3)] (39)
c=—k3? (40)
The eigenvectors are found via the following equations.
{K—mle }q1=6 (41)
{K-0y2M fq,=0 (42)
where
_ q
41 = { “} (34)
a12
_ q
G2 = { 21} (44)
422

Q=[d | Ty ] (45)
Q{Qll Q21} (46)
di12 Q22



The eigenvectors represent orthogonal mode shapes.

Each eigenvector can be multiplied by an arbitrary scale factor. A mass-normalized
eigenvector matrix Q can be obtained such that the following orthogonality relations are
obtained.

QTMG =1 (47)
and
A T A _
Q' KQ=Q (48)
where
superscript T represents transpose
| is the identity matrix
Qs a diagonal matrix of eigenvalues
Note that
Q=| 1t 12 (492)
1421 Q22
aT = ?11 ?21 (49b)
12 Q22

Rigorous proof of the orthogonality relationships is beyond the scope of this tutorial.
Further discussion is given in References 5 and 6.

Nevertheless, the orthogonality relationships are demonstrated by an example in this tutorial.

Now define a modal coordinate n(t) such that

~n

z=Q 7 (50a)
7= 0Qam + Gi2mp (50b)
Zp= Qo1m + Q2mp (50c)



Recall
X1=21+Y (51a)

X9 =22 +Y (51b)

The displacement terms are

Xp=Yy + 0um + G2m (52a)

Xo=Yy + Gaam + G22m2 (52b)
The velocity terms are

X1=y + 0um + Gq2m2 (53a)

Xo=y + Gaam + G272 (53b)
The acceleration terms are

X1=9 + 01 + Q22 (54a)

Xp=9Y + Q11 + Qo212 (54b)

Substitute equation (50a) into the equation of motion, equation (17).
MQ #7+KQ f=F (55)

Premultiply by the transpose of the normalized eigenvector matrix.
Q"MQH + Q'kQn=Q'F (56)
The orthogonality relationships yield
- —  ATE
I+ QnM=Q F (57)

For the sample problem, equation (57) becomes

{l 0} [m} N w? 0 {m}{fm QZ1M—m1V} (56)
0 1]|#2 0 w2 |[n2) [G12 G22][-m2y



Note that the two equations are decoupled in terms of the modal coordinate.

Now assume modal damping by adding an uncoupled damping matrix.

{1 0}{ﬁ1}_%?a1w1 0 }{ﬁ1}+ w2
0 1|72 0 28 wp | N2 0

Define a participation factor.

n
Tj=24ijm
i-1

o ] L5 s ek [
0 1|y 0 28 w2 (N2 0

Equation (59) yields two equations
. 2 .
M +28 01 +o"m=-I1Yy
. 2 .
2 +282mp+@p " Mp =12y

The generic form is

m+2§0n+®3ni=—Fiy

Now assume a harmonic base input.

y=Aexp (jot)

Assume a harmonic modal displacement.

ni=vi exp(jot)

ol

0

ni
n2

H

411 421
412 Q22

|

- ml'y}
~may

(59)

(60)

(62)

(63)
(64)
(65)

(66)



Ni=jojvj exp(jot)
ilj=-0i°vi ep (jot)

By substitution,
-o? +i2gojo +oi2 [vie (o) =~ Aep (jof)

Hloi? ~0?] +i2gi 010 fvie(ot)=-1; Aep(jot)

pal
i2—w2J+J'2éi ®j ®

ni=wviexp (jot)= “w } Aexp (jot)

The modal velocity is

i = ol
{[wiz —032J +]2& 0j© }

Ao (jot)

The modal acceleration is

(,02 I

[(oiz —0)2] +j2&j oj©

nj= { } Aexp (jot)
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(67)

(68)

(69)

(70)

(71)

(72)

(73)



Recall
X9=¥ + G171 + Gi21i2

Xo=§ + Qo1in + Q212

The generic form is

) Gik Tk
{la)kz —COZJ +J28K Ok ®

i (t) = {1 + @2

Thvs

Aexp (jot)
]

The Fourier transform equation is

Xi(@) = [ xi® ol jotkt

Take the Fourier transform of each side of equation (80).

g i ) n ) QEka
Xij(w)/A= {1 e El lok? - 02| + 25 ok }}
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(76)

(77)

(78)

(79)

(80)

(81)



Furthermore, the relative displacement is found as follows

Z)=X1—-Y= G1um + Qu2m2 (82)

Zp=Xp-y =(Qp1m + Qo2n2 (83)

The generic form is

n
Zi=Xji—Yy= 2 Gjjfij (84)
j=1
n —Qik Tk .
zj(t) = Aexp (jot) (85)
| {El {[@kz—mzl +]28k Cokco}}

Take the Fourier transform of each side of equation (85). The relative displacement transfer
functions are

n _A-
Zi)/A=Y ik Tk (86)

k=1 {[ook2 ~0?] +j2&k ok 0)}

12
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APPENDIX A

EXAMPLE 1

Normal Modes Analysis

=

Figure A-1.

Consider the system in Figure A-1. Assign the values in Table A-1.

Table A-1. Parameters
Variable Value
mq 2.0 kg
mo 1.0 kg
kq 100,000 N/m
ko 200,000 N/m
K3 300,000 N/m

Furthermore, assume that each mode has a damping value of 5%.
m 0|4 ki+ks -k3 || 7n —m1y
+ =
0 mo| 2y -k3 ko+ksz| zo —maoy

14

(A-1)



Solve for the acceleration response time histories. The homogeneous, undamped problem is

2 0] 21 400,000 —300,000 || z1 0
4+ = (A-2)
0 1|29 —300,000 500,000 ||zo 0
The eigenvalue problem is
400,000~ 20> 300,000 {ql} _ m (A3)
~300,000  500,000-w? |[d2 ] [0
Set the determinant equal to zero
2
det 400,000 - 2w —300,0002 _0 (A-4)
—300,000 500,000 — o
The roots of the polynomial are
@1 =300.3 rad/sec (A-5)
o =780.9 rad/sec (A-6)
f1=478 Hz (A-7)
fo=124.3 Hz (A-8)
The corresponding eigenvector matrix is
q q
Q:{ 11 12} (A-9)
421 Q22
1.366 —0.366
Q= 1 1 (A-10)

15



The next goal is to obtain a normalized eigenvector matrix Q such that

O™™MO =1 (A-11)

The normalized eigenvector matrix is

(A-12)

~ | 0.6280 -0.3251
0.4597  0.8881

Note that the eigenvector in the first column has a uniform polarity. Thus, the two masses
vibrate in phase for the first mode.

The eigenvector in the second column has two components with opposite polarity. The two
masses Vvibration 180 degrees out of phase for the second mode.
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FRF Analysis

ACCELERATION RESPONSE TRANSFER FUNCTION MAGNITUDE
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Figure A-2.
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RELATIVE DISPLACEMENT TRANSFER FUNCTION MAGNITUDE
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Figure A-3.
Table A-2.
Magnitude Values at Fundamental Mode, Frequency = 47.8 Hz
Magnitude Parameter Mass 1 Mass 2
Acceleration Response (G/G) 10.9 8.0
Relative Displacement (inch/G) 0.046 0.034

Note that:

Acceleration Response = Relative Displacement / (G

2

This equation is at least true for a system where the modal frequencies are well separated.
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APPENDIX B

Two-degree-of-freedom System with CG Offset, Example 2

A 4

‘4— L1 =|< Lo
|

&

[ - gl—ry

'y Reference

e —

Ki(y-x-L6) Ko(y-Xx+120)

Figure I-1.
Sign Convention:

Translation: upward in vertical axis is positive.
Rotation: clockwise is positive.
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Sum the forces in the vertical direction.

D> F=mx (B-1)
mxX=kq(y-x-L10)+k o (y-x+L50) (B-2)
mxX+kq(x+L10)+k 2 (x-Lo0)=(k1+k )y (B-3)
mX+(k 1+k 2 )x+( kqly—k oLo J0=(k1+k o)y (B-4)

Sum the moments about the center of mass.

> M=10 (B-5)
J0=k1L1(y-x-L10)—K oLy (y-x+L20) (B-6)
J0—Kq1Lq(-x-L10)+k oLo (-x+L20)=(k 1Ly - k oLo)y (B-7)
J'é+(k 1L1% +k 2|_22)e+(k 1L~k oLo)x =(k 1L - k oL2)y (B-8)

m O} X N kq+k o kL1 -k oLo x| k1+k o [ ]
0 JI||6 kL1 -k oLo k1L12+|( 2L22 o k1L1 -k oLo y
(B-9)

Define a relative displacement z such that

X=Z+Y (B-10)

20



m O||Z+Vy N K1+k o k1L -k oLo |lz+Yy B kq+k o [ ]
0 J 0 kL1 —k oLo k1L12+k2L22 0 | kL1 -k oLo y
(B-11)
m 0|l Z N k1+k o kL1 -k oLo z| my
0 J||6 kL1 -k oLo k1L12+k 2L22 0| 0
(B-12)

Use the method in the main text to decouple the equations and to add damping.

{1 0} {m} {2&@1 0 Hﬁl} m? 0 {m}:{fm @Izlﬂmﬂ
0 1][ii 0 28w |M2 0 w?|ln2 Gi2 G22]| O

(B-13)

fi + 281 01 +01° My =—G1am ¥ (B-14)

fip +282 wp +02” N2 =—G12m ¥ (B-15)
Now assume a harmonic base input, where A is the acceleration.

y =Aex (jot) (B-16)

Assume a harmonic modal displacement.

ni=vi e (jot) (B-17)

i = jojvi e (jot) (B-18)

i =-0i%vi e (jot) (B-19)
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By substitution,

{—wz +i2g o0 +oy” }Wlexp(iwt)=— G11m Aexp (jot)

{—0)2 +j280p0 +og? }\vz e (jot)=— G21m Aexp (jot)
The pair of equations becomes
{[6012 _sz +j2g mo }\lfl e (jot)=— G11m Aexp (jot)
{[@22 —wZJ +j2Eymp }\vz e (jot)=— d21m Aexp (jot)

The modal displacements are

- g1am A

N1 = w1 (jot)= 5 exp (jot)

[0? —0°] +j28 oo

nz=v2em(jot)=—5 ST A eg(jor)
[0~ ]+ j2Er mp @
The modal velocities are

. . . — joGi1m A .

ity = jowg o (jot) = —— 2L e (jot)
[0 -0 ] +]25 ;@

) . . — jo go1m A .

M2 = joy 200 (jot)= 5 qum_ o (jot)
[0~ ]+ j2Er mp @

22

(B-20)

(B-21)

(B-22)

(B-23)

(B-24)

(B-25)

(B-26)

(B-27)



The modal accelerations are

®° G11m A

o (joot)

fiy = —0y1 e (jot) = >

[

—wz] +j2&8 0 ®

®° G21m A

o (jot)

N2 = —0)2\|l 2 EXpP (joat) =
[0
Note that
z= Quum +
0= Qgo1m1 +
Z= Quum +
0= Gy +

2

d12 M2

422 M2

412 M2

422 M2

— 0214285 0 0

The Fourier transform for the relative displacement of the CG is

A2
411

+

012021

Z=mA 5
[

The Fourier transform for the CG rotation is

®1mA{

011021

+

~oll+i2gmo  [0?-0’l+j2800

422021

|

[

2

~oll+j2g oo [w?-0’]+j28 w0

23

|

(B-28)

(B-29)

(B-30)

(B-31)

(B-32)

(B-33)

(B-34)

(B-35)



The Fourier transform for the absolute acceleration of the CG is

2

Xy =All+mo? A11 N 12621
[0 —0?] +j28 0o [0p2-0?]+]28 00

(B-36)
The relative displacement for spring 1 is
z1=2+146 (B-37)
The Fourier transform for the relative displacement in spring 1 is
) P
ZlmA{ > 2C111 _ r— q212q?1 }
[01" —0"] +j2§m o [0 -0 ]+]j2E020
fLmA 411621 N 022021
[0? —0?] +j25 00 [022-0?]+j28 00
(B-38)
. 2 . A . A P
ZlmA{ 2<111 ;'—1‘4_11‘421 N Q1220I212+ |—1_<422Q21 } (B-39)
[01" —0"] +j2§ mo  [w" -0 ]+]j28020
. ’ L14 . " L1
Zy =m AlGyq > Q112+ 1921 +891 > Q122+ 1922 (B-40)
[01" —0®] +j281 010 [0 —0°]+[282 020
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The relative displacement for spring 2 is

Zo=2-L,0 (B-41)

The Fourier transform for the relative displacement in spring 2 is

A G11-L2§ X 12— L6
ZZmA{QM ' Q112 2_Q21 +021 20I122 2_C122 } (B-42)
[0" —0 ] +j2 o @ [02° —0 ]+ j2Er mp @
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