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Two-degree-of-freedom System

A two-degree-of-freedom system is used an example, as shown in Figure 1.

Figure 1.

A free-body diagram of mass 1 is given in Figure 2. A free-body diagram of mass 2 is
given in Figure 3.
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Figure 2.

Determine the equation of motion for mass 1.
YF=my X
my X1 =f1()+ko(x2 —x1)-k1 x|
my X +kq x1 —ka(x2 —x1)=f1 (1
my X1 +k1 x1 +kp(x1 —x2)=f1(0)

my X1 + (kg +ko)x —koxo =1 ()

myp

ko (x2-X1)
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Figure 3.

Derive the equation of motion for mass 2.

LF=mjpXj (6)
my Xp =fp(t)—ko(x2 —x1) (7)
mp X2 +ka(x2 —x1)=f2(1) ®)
mp Xp +kpxp —koxy =12 (t) ©)

Assemble the equations in matrix form.
m 0 || X ki+kr» -k X f1(t
1 Xkt 2 x1|_| f1i® (10)
0 mp|[X2 -k» ko || x2 f2(t)

Decoupling

Equation (10) is coupled via the stiffness matrix. An intermediate goal is to decouple the
equation.

Simplify,
MX+KxXx=F (11)
where
0
M=| M (12)
0 my



k1 +ky -k
K = 1 2 2 (13)
ko kp
_ | X1
X = (14)
X2
— | fy(t
E :{ 1 ( )} -
f2(0)
Consider the homogeneous form of equation (11).
MX+Kx=0 (16)
Seek a solution of the form
X = qexp( jot) (17)
The q vector is the generalized coordinate vector.
Note that
x=jogexp(jot) (18)
X = -2 gexp(jot) (19)
Substitute equations (17) through (19) into equation (16).
— M gexp(jot)+Kgexp(jot)=0 (20)
p I NG
%w M q+Kq}exp(Jcot)_0 (21)
—0,*M q+Kq=0 (22)
L oM +Kfg=0 (23)



{K-0?M [g=0 (24)

Equation (24) is an example of a generalized eigenvalue problem. The eigenvalues can
be found by setting the determinant equal to zero.

det [K—0?M |=0 25)
kj+ky -k 0
det{{ ImE2 2}—&{“” }}:0 (26)
-ko ko 0 mp
2
det | (k1 +K2)-0"my _k% =0 27)
-k»o ko) —®"m»
[(kl +k2)—w2m1}[k2 —wzmz}—kzz =0 (28)
o mmy - 0%[miky + my (k] +ko)]-kp2 =0 (29)

The eigenvalues are the roots of the polynomial.

0 = 30
1 a (30)
» —b+vbZ —dac
Wy = (31
2a
where

a=mpm) (32)
b=—[miky +my(kj +k2)] (33)

c=—ky2 (34)



The eigenvectors are found via the following equations.

K- 2M Jq,=0 (35)
{K—wzzM G, =0 (36)
where
_ A%
q = 1} (37)
V2
_ _W
q2 = 1} (38)
W2

An eigenvector matrix Q can be formed. The eigenvectors are inserted in column format.

Q=[q; | 9] (39)
Q{Vl Wl} (40)
vy w2

The eigenvectors represent orthogonal mode shapes.

Each eigenvector can be multiplied by an arbitrary scale factor. A mass-normalized
eigenvector matrix Q can be obtained such that the following orthogonality relations are

obtained.
A T A _
Q" MQ=I (41)
and
A T A _
Q' KQ=Q (42)
where
T Superscript, represents transpose
I is the identity matrix
Q is a diagonal matrix of eigenvalues



Note that

~ [ W

O=| 1 Al} (43a)
92 W2

T [ 9

oT -| %1 Az} (43b)
(W1 W)

Rigorous proof of the orthogonality relationships is beyond the scope of this tutorial.
Further discussion is given in References 1 and 2.

Nevertheless, the orthogonality relationships are demonstrated by an example in this
tutorial.

Now define a generalize coordinate 1 (t) such that

X=Qm (44)
Substitute equation (43) into the equation of motion, equation (11).
MQ 1+KQ W =F (45)

Premultiply by the transpose of the normalized eigenvector matrix.
Q' MQ i + Q'KQ M= Q'F (46)

The orthogonality relationships yield
17 7= QTF
M+ QMN=Q F (47)

For the sample problem, equation (46) becomes
1 0] [ 2 0 Vo [
| N [ B o
0 1j[n2 0 | M2 [W1 W2 ][f2(D

Note that the two equations are decoupled in terms of the generalized coordinate.



Add modal damping.

{1 0} Fn}r {2&@1 0 Hm} L lo® 0 {m}{@l Vz“fl(t)}
0 1][f2 0 28w |[M2 0 wy2|Im2] [W1 Wal[f2(0)
(49)

Equation (49) yields two equations
(50)

i) + 28 A + @12 My =91 (0 + 92 F2(0)
(51)

fp +282m017 +6022 N2 =W () +Wwypfr(t)

The equations can be solved in terms of Laplace transforms, or some other differential
equation solution method.
Now consider the initial conditions. Recall

x=QnmM (52)

Thus,
(53)

Premultiply by QT M.
(54)

Recall
Q'MQ-=1 (55)
Q" Mx(0)=1n(0) (56)
QT Mx(0)= n(0) 7
Finally, the transformed initial displacement is
(58)



Similarly, the transformed initial velocity is

A

1(0)=Q" M%(0) (59)

A basis for a solution is thus derived.

Arbitrary Force

Now consider the case of arbitrary forcing functions.
i) + 28101 + 017 Ny =¥ f (O +92f2(0) (60)

flg +28209M7 + 3% Ny = Wi (0 + W) f2 (1) (61)
Apply the convolution integral per Reference 1.

() = ~— L | (;fl  lexpf-g1on1 (¢ - llsinog 1 (¢ -0 ke
g1

-Osz,l J-(; f2(7) [eXP{_ E*lwn,l (t- ’C)}][sin g 1(t-1) h,c

(62)
n2(t = _ﬂj(t)fl (7) [exp{— Eoop o (t- 1)}][sincod,2(t -T) ]dq;
04,2
&J’S f2(7) [exp{— Eo0p 2 (t- ’c)}][sin ©4,2(t-17) ]dq;
04,2
(63)



Ni= +{expl-& op 1At|coslog jAthi—1 |
- {exp[— 2§1®n,1At]ni—2}

o f1i-1+V2 fz,i—l}{At/ g, }exp[— ilwn,lAt]{sin[wd,lAt]}

(64)
2= +{Rexpl-&a0n 2Atcos|wg 2Athi 1§
~fexpl- 2820 2Athi 5 }
oy 1o+ 92 £, flay 04 2 Jexpl-&0n pAtfinfog A}
(65)

The modal velocity is

= + Lexpl- élwn,lAtJCOSlﬂJd,lAtJﬂi—l}
- {GXP[— 2§1®n,1At]ﬂi—2}

+ At{\AflfLi + 39y f2,i}

—&jop
d

+ fli-1+ V2 i1 Katexpl- ‘talmn,lAt]ﬂ: o0 :Ism[‘”d,lm]_ COS[‘”d,lAt]}

(66)
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Mi= + {2expl- ‘t:ZOJn,ZAtJCOSlwd,ZAtJﬁi—l}
—{expl- 2§2®n,2At]"11—2}

+ At {\)Avlfl,i +wW 2f2,i}

& flicitwofpig }{At}exp[— élwn,lAt]{

The acceleration values can then be found via
fi] = 28 oM — 012 Ny + 91 F (O +92 F2(0

flp =-282m717 —0322 N2 + Wi fi()+wp (1)

The physical displacements are then found as

x=QM
{Xl(t)}:{f’l Wl}{m(t)}
x2(0 | | V2 w2 | n2(t)

The velocity is

A —

x=Q 1
The acceleration is
£=0 7

Reference

&0 2
)

:l sin [(Dd’zAt] —Cos [(Dd,zAt]}

(67)

(68)

(69)

(70)

(71)

(72)

(73)

1. T.Irvine, An Introduction to the Shock Response Spectrum Rev P, Vibrationdata,

2002.
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APPENDIX A

Example
T f2(t)
| =
mp
ky % T £1(0)
mg J X1
ky
/S LSS
Figure A-1.
Let
1. Each mass =1 Ibm
2. Each spring = 2500 1bf/in
3. Each modal damping = 0.05
4. f1=0
5. 12 =11bf, 0.010 sec, half-sine pulse

The response is calculated using the formulas derived in the main text as implemented via
Matlab script: mdof_arb_force.m

The response time histories are shown in the following figures.
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DISPLACEMENT
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Figure A-2.

Natural Frequencies =

96.63 Hz
253 Hz

Modes Shapes (column format) =
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Figure A-3.
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ACCELERATION
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