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Variables

Enforced acceleration amplitude

Stiffness matrix

A
M | Mass matrix
K
F

Applied forces

Fq | Forces at driven nodes

Ff | Forces at free nodes

I Identity matrix

II | Transformation matrix

u | Displacement vector

ug | Displacements at driven nodes, time domain

uf | Displacements at free nodes, time domain

Ud Displacements at driven nodes, frequency domain

Uf Displacements at free nodes, frequency domain

Derivation
The following method is adapted from Reference 1.

The equation of motion for a multi-degree-of-freedom system is

[M][U]+[K][u]=F

(1)



The displacement vector is

[u] {”d} @)
uf

Partition the matrices and vectors as follows
{Mdd Mdf}{ud}{*(dd de}[Ud}{Fd} -
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Create a transformation matrix such that
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Premultiply by HT,
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Transform the equation of motion to uncouple the stiffness matrix so that the resulting stiffness

matrix is
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By similarity, the transformed mass matrix is

X A T T T
[mdd mdw}:{Mdd +T1 Mgg +(Mdf +T1 Mgs )Tl (Mdf +T1 Mgs )} (23)
(Mgq + My Ty) Mt

Fg ={|dd Tl}{Fd} (24)
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The equation of motion is thus

Assume that the external forces are zero.



Consider the homogeneous form of equation (30).

My Uw + Ky Uy =0

Seek a solution of the form
Uy = ﬁEXp( jwt)

The q vector is the generalized coordinate vector.

Note that

U=jogexp(jot)
= 2 — .
i =-0 gexp(jot)

By substitution,

~ oMy gexp(jot)+Kyy gexp(jot)=0
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Equation (39) is an example of a generalized eigenvalue problem. The eigenvalues can be found

by setting the determinant equal to zero.

det {KVWV %My }:o

(40)



The eigenvectors are found via the following equations.

Ky — i 2y [35 =0 (41)
An eigenvector matrix Q can be formed. The eigenvectors are inserted in column format.

Q=[mm | G2 | ... |Tpn] (42)

where n is the number of degrees-of-freedom

The eigenvectors represent orthogonal mode shapes. Assume that the eigenvectors are mass-
normalized such that

QTMQ-=1 (43)

and
QTKQ=0 (44)

where

superscript T represents transpose
| is the identity matrix

Q is a diagonal matrix of eigenvalues

Now define a modal coordinate n(t) such that

U=Qnm (45)

Let g jj represent the elements of Q.

The displacement, velocity and acceleration terms are

n
uj= 2dijnj (46)
j=1



n
j= >.dijn; (47)
-1

n
Ui = > aijiij (48)
j=1
By substitution
My Q i+ Ky Q T =~hyglig (49)

Premultiply by the transpose of the normalized eigenvector matrix.
Q" yw Q A + Q"R Q 1= —Q hyglg (50)
The orthogonality relationships yield
- — AT 4~ .
I+ Qmn= -Q Mmygylq (51)
Note that the two equations are decoupled in terms of the modal coordinate.

Now assume modal damping by adding an uncoupled damping matrix.

| +DR+Q n= —Q yglgq (52)

Dij: (53)



Now assume a harmonic base input. Assume that it is uniform if it is applied at multiple
locations.

y=Aep (jot) (54)

Assume a common harmonic modal displacement.

ni=vi e (jot) (55)
Mj=jojyi exp(jot) (56)
i = -0i2 yj o9 (jot) (57)

Let C be a column vector of ones. The number of rows in C is equal to the number of drive
points.

By substitution,
{—wz +i2gjojo +oi }w.exp(Jcot {[Q merow. C}Aexp(Jcot) (58)
{[(DI —(DZJ +j28jmjo }\IMGXP(J(Dt {lQ mvvdJrOW| C}Aexp(joot) (59)

The modal displacement is

0™ a Jrowi ]
[col - J+12é.co.

ni=viep(jot)= { } Aexp (jot) (60)



The modal velocity is

-Jﬁ){[(? My JrOVVI(:}
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} Aexp (jot)

The modal acceleration is
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Recall
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The Fourier transform equation is
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n
Uj = Aexp (jot) >
p:

{ o {0 Jrow ¢} }
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The absolute acceleration transfer function is
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The absolute velocity transfer function is
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The absolute displacement transfer function is
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The relative displacement transfer function is
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Recall
-
us Uy

The equivalent format for the frequency domain is
Yd || Yd (73)
Us Uw

The final step is to rearrange the degrees-of-freedom in the proper order.
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APPENDIX A

Example
X1 X2 X3
| k1 | ko l
U SVAVAVAVAS RS sVAVAVAVAS I
Figure A-1.
Parameter Value
mq 1 1bm
my 2 Ibm
m3 11bm
kq 2000 Ibf/in
ko 1500 Ibf/in

Assume uniform 5% modal damping.

The equation of motion is

mg O 0 || Xq kq -kq 0 |[xq 0
0 mp O [Xo|+|-ky Kki+ko —ko[Xxo|=|0 (A-1)
0 0 m3|X3 0 -ko Ko | X3 0

Set mass 1 as the base drive node.

The analysis performed using Matlab script: mdof _base accel frf fea.m
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The mass matrix converted to (Ibf sec"2/in) is

0.0026 0 0
0 0.0052 0
0 0 0.0026

The stiffness (Ibf/in) is

2000 —2000 0
—2000 3500 —-1500
0 —-1500 1500

The natural frequencies of the base-driven system are

n fn(Hz)
1 73.8
2 162.3

The transmissibility results are shown in the following figures.
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Figure A-2.
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Figure A-3.
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