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Introduction

Consider the single-degree-of-freedom system in Figure 1.

Figure 1.

where

m  isthe mass

c istheviscous damping coefficient

k  isthestiffness

X isthe absolute displacement of the mass

y  isthebaseinput displacement



Newton's law can be applied to afree-body diagram of an individual system, as shown in

Figure 2.
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Figure 2. Free-body Diagram

A summation of forces yields the following governing differential equation of motion:
mX + cx + kx =cy +ky Q)

A relative displacement can be definedas z=x - y.

The following equation is obtained by substituting this expression into equation (1):
mz + cz + kz =—my (2
Additional substitutions can be made as follows,

k
wnz = 3

28 wpy =% (4)

Note that ¢ is the damping ratio, and that wn is the natural frequency in radians per second.

Furthermore, ¢ is often represented by the amplification factor Q, where Q = 1/(2 €).



Substitution of these terms into equation (2) yields an equation of motion for the relative

response

2+ 2Ewnz+ wp 2z=- (1) 5)

Take the Fourier transform of both sides of equation (5).

j°:o [ 2(t) + 28 o, 2(t) +03, 2 2(1) }{exp[-j wif dt = - j°:o §(t) exp[-jot]dt ©6)

j°; 2(t)exp[-joot]dt + 28 o, ji’o 2(t)expl-jeot] dt +oy2 fw 2(t)exp[-jot] dit

=7 y(Hexp[-jot]ct

(7)
[7 xtexpl-jetict = joof”_z(tyexpl-jeot]ct 6)
j_o:oz(t)exp[-jwt]dt = P fwz(t)exp[-jwt]dt 9)

Substitute equations (8) and (9) into (7).



- IO:O z(t)exp[-joot]dt + j2E wuy, j: z(t)exp[-joot]dt +ey2 fw z(t)exp[-joot] dt

=-[” y(hexpl-jwi]t
(10)
{(of - 0?) + 28w} [ 2expljotld=- [~ y0)expljoxlct (1)
() = [ z(tyexpl-jwi]dt (12)
Y@ = yexpl-jond: (13
Substitute equations (12) and (13) into (11).
{(cof ~ %) + j2Bwun} Z(6) = - ¥ () (14)
2(@) -1 (15)
YO {(0f - o)+ j2Zwon)
Thetransfer function H(w) is
_ Z(w)
H(w) = = (17)

{ (oo~ %) + j2E 00}



The transfer function magnitude is

1

[ H() [= (18)
Vo2 -2 + (2E00un)2
1
| H(f) | = (19)
ar? J(f 2-£2)2 4 (28 11,)2
Recall
H@ = (20)
{(cof —07) + j28wun}
Multiply the numerator and denominator by the complex conjugate of the denominator.
— ) — i
H(w) = - ((JOn (2*)2) j28wuy, 5 (21)
{(wf - W) +(Zwuwn) %}
2 2y,
H(w) = @7 ~%n ) *]2800n (22)

{(wd - w?)? +(2&wwn) %}

The phase angleis

2

¢ = arctan _Kwen (23)
(A)Z - (A)n



¢ = arctan 281y (24)
£2-f,2

Recdll
| H(w) | = ! (25)
V(w2 -0?)% + (2Ewu)2
| H [= -

on \/(1-p?)2 +(2¢ p)?

where p=w/wp

(26)



NORMALIZED TRANSFER FUNCTION MAGNITUDE
RELATIVE DISPLACEMENT
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Figure 3.

Note that the units must be consistent. For example, acceleration must be in terms of

in"2/sec if relative displacement isin terms of inches.



PHASE ANGLE (DEG)

TRANSFER FUNCTION PHASE ANGLE
RELATIVE DISPLACEMENT / BASE ACCELERATION

0
£=0.01
——— £=005
—-— £=025
B0 fo
S
-
-120 / ;
S50 [
3 e /i/
-180 —eee T
0.1 0.2 0.5
FREQUENCY RATIO (f/fn)
Figure 4.



