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Introduction

Consider the single-degree-of-freedom system in Figure 1.

Figure 1.

where
= mass

= viscous damping coefficient
stiffness
= absolute displacement of the mass

< X X o 3
1

= base input displacement

A free-body diagram is shown in Figure 2.
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Summation of forces in the vertical direction
SF= mx 1)

mX = c(y —X) +k(y—x) )

Letz=x-y (relative displacement)
Z=X-y
i=%-§

X=7Z+Yy
Substituting the relative displacement terms into equation (2) yields
m(Z+y)=—-cz—kz 3)

mZ+cz+kz =—my 4)

Dividing through by mass yields
Z+(c/m)z+(k/m)z=-y (5)
By convention,
(c/m) = 28wy
(k/m) = on2
where ®p, is the natural frequency in (radians/sec), and & is the damping ratio.

Substitute the convention terms into equation (5).

7+280n2+ 022 =—Y (6)



Response to Versed Sine

The base excitation function is:

é {1—co{ﬂﬂ, 0<t<T
2 T

y(t) =
0, t>T

(")

where A = the acceleration amplitude.

The equation of motion becomes

2+2§(onZ+conZZ:—é 1—COS(EJ : 0<t<T
2 T

8)

Now take the Laplace transform.

L{Z+ 28®nZ+ mr%z}: L{—% [1— cos(?ﬂ } 9)

L{Z+ zgmnzmﬁz}: L{—% [1—cos(oct)]} (10)



52 Z(s) — s2(0) — 2(0) + 26w SZ(S) — 2500 2(0) + 0n 2 Z(s) = _%{_ _

{52+2gmns+mn2 }Z(s)=Z(0)+{s+2&,mn}Z(0) —%{%— 5 - 2}=0

ST+a

2(6) - 2(0) + {5 + 25wp J2(0) _5{1_ s } 1
32+2§0)ns+wn2 2|8 52+0c2 52+2§wns+wn2

Let
Z(s)=Zn(®) +Z£ (5)

where

52 + 2&_,(,0”5 + (Dnz

All S 1
25112
2 s s2142)|s? +2§o)ns+c0n2

Consider the denominator term,

2. {2(0) +{s+2Eon }2(0)}

52+2§(ons+(on2:(S+§mn)2+con2—(§(on)2

2 2 2 2 2

2 +28wpst 0% =(s+Ewy) +on2(1-¢?)
Now define the damped natural frequency,

0g =0p 1—222

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)



Substitute equation (19) into (18),

2

ST+ 2§oans+(on2 =(s+&op )2 +(od2

Substitute equation (20) into (16).

2(0) + {s + 2&n jz(0)
Zn(s) =
) { (S+§®n)2+®d2 }

Rearrange the terms into a convenient format prior to the inverse Laplace transform.

(s+E0n )2(0) H 2(0) +(E0n J2(0) }

Zn(S) =
n®) {(S+E’;(on)2+0)d2 (S+§wn)2+wd2

{zw) +(&on )2(0) }@

(5 +E0p )2(0) o d

Zn(s) = 2 2 2 2
(S+F,(on) + 0 (s+§(on) + og

Take the inverse Laplace transform using Reference 1.

2(0) + (€wp, )z(0)

g

Zn (1) = 2(0) &xp(— Empt)cos(mgt) + {

2(0) + (£on )z(0)

d

zZn (1) = exp(- é’;oant){z(O) cos(mgt)+ {

Take the first derivative to determine the relative velocity.

}exp<—awnt>sm(mdt>

}sin@»dt)}

(20)

(21)

(22)

(23)

(24)

(25)



, )2(0) ] .
70 (1) = —Eop exp(— F,(ont){z(O) cos(wgt)+ {Z(O) + (G sin(wgt)
Zn = —

g

+exp (- Eonth-0g2(0)sin(wgt) + {2(0) + (&wn J2(0) feos(wgt)}

n d

oOd
+exp (— Eont)i- 0gz(0)sin(wgt)+{2(0) + (Ewp )z(0) jcos(wgt)}
Zn(t) =

exp (- Eon t{{- & 2(0) + 2(0) + (Eop )z(0) jcos(wgt)}

2(0) + (Eon O || t}
+exp(—§mnt){{—(ndz(0)—écon[z( ) +&on }}Sln(md )

g

2n(t) = exp (- Eonthz(0) cos(ogt)}

= - 0g22(0) - &on J2(0)] in(@dt)}
+exp(—§(ont){m—d{—(od 2(0) — Ewp [2(0) + (Eopy }S

Zn(t) = exp(—Eont)iz(0) cos(ogt)}

2 .
1 22(0) - £y 2(0) — 2(0) m(oadt)}
+em(—§®nt){a{’@d 2(0) - &0n2(0) - (Ewon) }s

(26)

(27)

(28)

(29)

(30)



Zn(t) = ep(-&onthz(0) cos(ogt)}

+exp(- awnt%ééwnzﬁ—az)zw)—ang(m—(awn)Zz(O)}sin(mdt)}

(31)
zn(t) = exp(-E&ont)z(0) cos(ogt))
+exp(- &‘Dnt){é {(— on’ + azconz)z(O) — Ewnz(0) - (Eop )22(0)}3in(60dt)}
(32)
25 (1) = & (= &ont)}2(0) cos(wgt)}
+exp (- acont){m—ld % on?2(0) - aconzw)}sin(wdt)}
(33)
. . 1 2 . .
Zn (1) =exp(- acont>{z(0) cos(ogt)+— L wn-2(0) - aconz(O)}sm(mdt)}
®Od
(34)
Zn () =exp(— &wnt){z(O) cos(agt)+ ®n {~onz(0) - &Z(O)}sin(mdt)}
oqd
(35)

Take the second derivative to determine the acceleration.

70 () = —Eop e0(- &mnt){Z(O) cos(codt)+z—2{— ®nz(0) —gz(O)}sin(mdt)}
+exp(~ Eont)f- ©42(0) sin(ogt)+ on - 0n2(0) ~£2(0) fcos(wgt)}

(36)



2
<on {ng(O)ii(O)}Sin(‘”dt)}
o

Zn () = exp(- &wnt){ Ewn2(0) cos(wgt)—

+exp (- Eont = q2(0) sin(wgt) + on {- ©n2(0) — £ 2(0) jcos(wgt)}

(37)
Zn (t) = exp(~ Eont)f- &0 n2(0) + op {~ @ 2(0) - £ 2(0) }jcos(wgt)
2
+exp (- E@nt){ 042(0)~ 0" (- 6p2(0) az<0)}}sin(oodt)
g
(38)
Zn (t) = — op eXp (- Eon thonz(0) + 22 2(0) jcos(wgt)
+éexp(— font)-0422(0) - Eon? - 0n2(0) - £20)in(ogt)
(39)
Zn (1) = — on (- Eont)onz(0) + 2£ 2(0)jcos(wgt)
+$exp(— amntﬁ ©422(0) + &0 32(0) + £ 2 2 2(0)}sin(wdt)
(40)
2n (1) = - on ©p(- &ont)onz(0) + 25 2(0)fcos(wgt)
+ L op(—tont —mn2(1— azjz(O) + £ 32(0) + £20p 2 z(O)}sin(codt)
od
(41)

2n (1) = - on (- &ont)onz(0) + 25 2(0)fcos(wgt)
2
+ 2N exp (- gcont){— (1— gZ)Z(O) + & z(0) + &2 Z(O)}sin(codt)
o

(42)



Zn (1) = — o exp (- Eonthonz(0) + 28 2(0)fcos(wgt)

2
+ 20 exp (- &mnt){émnz(O) + (—1+ ZQZJZ(O)}sin(oadt)
od
(43)
Zn (t) = - op &P (- &onthonz(0) + 25 2(0)fcos(wgt)
2
—";Ldem(— awnt){— Ewnz(0) +(1— 2&2)2(0)}sin(wdt)
(44)

Zn(t) =

2
—exp(- é(x)nt){u)n [0n2(0) + 2& 2(0)]cos(wgt) + (DLd[— Ewnz(0) + (1— 2&,2)2(0)}sin(mdt)}
()]

(45)
Zn(t) =

— op exp(- imnt){[mnz(O) +2£7(0)|cos(wgt) + ‘”—”[— Ewnz(0) + (1— 2&2)2(0)}sin(mdt)}
g

(46)

Recall equation (16).

zf(s)=—5{1— S 2} e (@7)
2|8 s%+af)|s+2E0ns +on

Al s 1 1
20 =—{ﬁ"} 2 2 )
2 [s“+ac S)|s®+280n5+0p




Expand into partial fractions using Reference 2.

52 +0c2 s)|s? +2<’§o)ns+oon2

—((xz —co,%js+ 2&a Zmn
[((xz —mr%jz +(28aop )Z}[ s2 +(x2}

2t 08

)

j [(ocz —mﬁ)z +(2&amn)2}[32 +2§mns+mﬂ

S_

S+ 2
1 N Eon

op S w§[32+2§wns+m§}

(49)

10



The inverse Laplace transform of Z¢ (S) is

Al2 _(az _mﬁjcos(at)uéawn sin(at)}

+= Al2 —exp(—E&ont) (az—mr%)cos(mdtﬂ

_ Al2 —exp(—Eont [Ef”_”](ogz +°’r%j5in((”dtﬂ

(az—w§j2+(2éocwn)2 1\ “d

A_/ZZ{1+em(®nt){cos(mdtj+[ézg Jsin(wdtﬁ }

On

(50)
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Assemble the inverse Laplace transforms. The resulting relative displacement for 0<t<T is

2(t) = exp(— acont){z(O) cos(ogt) + {Z(O) +(Eon )Z(O)}sin(mdt)}
g

Al2 _(az _ngjcos(at)+2gmnsin(at)}

+_(a2 wa/f(zaam )2_ o sont -(az_mnzjcos(mdtﬂ
—%n n

— X Al2 —exp (- Eont [aﬂJ(az +oanz)sin((odt)]

(0(2 - op jz +(28aop )2 1\ “d

gfrmendt 2]

(51)

12



The resulting relative velocity for 0<t<T is

2(t)=—Eop exp(-Eop t){z(O) cos(ogt)+ {2(0) +(8en )Z(O)}sin(mdt)}

g
+og (- E&on t){— z(0)sin(wgt) + {2(0) * (j:n )Z(O)}cos(codt)}
+ oaAl2 Kaz —cor%jsin(at)+ 28 a.on Cos(at)}

{(az —cor?jz +(2§0€03n)2}

(ocz —(or%jA/Z

+ {( exp (- E_,())nt)[— Eop cos(mdt) — oy sin(wdtﬂ

2
oc2 _@r%j +(2§ocoan )2}

2 2

_{&mn} (oc +op jA/Z ] exp(_éwnt){—i@nsm(‘”dt)*"’d cos(codtﬂ

O (az—m§)2+42aamnﬁ

LAl exp(mnt)[cos(wdtj + [gzg }in(@dtﬂ }

®n

) Cl)dAZ/ 2 {exp(—wnt){_ Sin(mdtj + (a;‘)(;‘ Jcos(wdtﬂ }

On

(52)
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The resulting absolute acceleration for 0<t<T is calculated via

K(t) = —orz(t) — 26 op 2(t) (53)

14



APPENDIX A

Versed-Sine Example

SDOF Response, fn=70 Hz, @=10, Base Input, 10 G, 0.011 sec Yersed-sine
20
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Time (sec)

Figure A-1.
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SD0OF Responze, in=70 Hz, =10, Baselnput, 10 G, 0.011 sec Versed-sine
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Figure A-2.

This is an extended view of the data in Figure A-1.
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