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Introduction 
 
Consider the single-degree-of-freedom system in Figure 1. 
 
 
 
 
 
 
 
 
 
 

Figure 1. 
 
where  

 

 
A free-body diagram is shown in Figure 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

Figure 2.

m = mass 
c = viscous damping coefficient 
k = stiffness 
x = absolute displacement of the mass 
y = base input displacement 
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Summation of forces in the vertical direction 
 

F mx=∑ &&                                                                                           (1) 
 

mx c y x k y x&& ( & & ) ( )= − + −                                                                                    (2) 
 

Let z x y relative displacement
z x y
z x y
x z y

= −
= −
= −
= +

( )
& & &

&& && &&

&& && &&

 

Substituting the relative displacement terms into equation (2) yields 
 

m z y cz kz(&& &&) &+ = − −                                                                             (3) 
 

ymkzzczm &&&&& −=++                                                                             (4) 

 
Dividing through by mass yields 
 

&& ( / )& ( / ) &&z c m z k m z y+ + = −                                                          (5) 
 

By convention, 
 

2
n

n

)m/k(

2)m/c(

ω=

ξω=

 

where  nω  is the natural frequency in (radians/sec), and ξ is the damping ratio. 
 
Substitute the convention terms into equation (5). 
 

&& & &&z z z yn n+ + = −2 2ξω ω                                                                     (6) 
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Response to Wavelet Base Excitation 
 
The base excitation function is: 
 
 

[ ]

⎪
⎪

⎩

⎪
⎪

⎨

⎧

>

≤≤π⎥⎦
⎤

⎢⎣
⎡ π

=
Tt,0

Tt0,tf2sin
N

tf2sinA

)t(y&&  

(7a) 
 
where 
 

A = wavelet acceleration amplitude 

f = wavelet frequency 

N = number of half-sines, odd integer > 3  

T = N / (2 f) 
 

 
The base excitation may also be expressed as: 
 
  

( ) ( )

⎪
⎪

⎩

⎪
⎪

⎨

⎧

>

≤≤⎥⎦
⎤

⎢⎣
⎡ π

−+⎥⎦
⎤

⎢⎣
⎡ π

+−

=
Tt,0

Tt0,
N

tf21Ncos
2
A

N
tf21Ncos

2
A

)t(y&&  

(7b) 
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The equation of motion becomes  
 
 

( ) ( ) Tt0,
N

tf21Ncos
2
A

N
tf21Ncos

2
Az2

nzn2z ≤≤⎥⎦
⎤

⎢⎣
⎡ π

−−⎥⎦
⎤

⎢⎣
⎡ π

+=ω+ξω+ &&&          

 
 (8)           

 
Let 

N
f2)1N( π

+=α                                                                                                                    (9a) 
 

N
f2)1N( π

−=β                                                                                                                    (9b) 

 
B = A / 2                                                                                                          (9c)   

 
 

Tt0,)tcos(B)t(cosBz2
nzn2z ≤≤β−α=ω+ξω+ &&&                                           (10)  

 
 
Now take the Laplace transform. 
 

{ })tcos(B)t(cosBLz2
nzn2zL β−α=

⎭
⎬
⎫

⎩
⎨
⎧ ω+ωξ+ &&&                                                     (11) 

                                   
 

22s

Bs
22s

sB)s(Z2
n

)0(zn2)s(Zsn2
)0(z)0(zs)s(Z2s

β+
−

α+
=ω+

ωξ−ωξ+
−− &

                                                                           (12) 

 
 

{ } { } { } 22s

Bs
22s

sB)0(zn2s)0(z1)s(Z2
nsn22s

β+
−

α+
=ωξ−−+−+ω+ωξ+ &             (13)                       
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{ } { } 22s

Bs
22s

sB)0(zn2s)0(z)s(Z2
nsn22s

β+
−

α+
+ωξ++=ω+ωξ+ &                       (14)                                   

 
 

{ }
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+

ωξ++
=

2
nsn22s

1
22s

Bs
22s

sB
2

nsn22s

)0(zn2s)0(z)s(Z
&

             (15)                   

 
 

Let 
 

)s(Z)s(Z)s(Z fn +=                                                                                                           (16) 
 
where 
 

{ }
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+

ωξ++
=

2
nn

2
n

n
s2s

)0(z2s)0(z
)s(Z

&
                                                                                        (17) 

 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+
=

2
nsn22s

1
22s

s
22s

sB)s(fZ                                                    (18)                                     

 
 
Consider the denominator term, 
 

( ) ( )s s sn n n n n
2 2 2 2 22+ + = + + −ξω ω ξω ω ξω                                                     (19) 

 

( ) ( )s s sn n n n
2 2 2 2 22 1+ + = + + −ξω ω ξω ω ξ                                                           (20) 

 
Now define the damped natural frequency, 
 

ω ω ξd n= −1 2                                                                                          (21) 
 
Substitute equation (21) into (20), 

 
( ) 2

d
2

ns2
nsn22s ω+ωξ+=ω+ωξ+                                                               (22) 

 
 
Substitute equation (22) into (18). 
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{ }
( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+

ωξ++
= 2

d
2

ns

)0(zn2s)0(z)s(nZ
&

                                                                                (23) 

 
 

Rearrange the terms into a convenient format prior to the inverse Laplace transform.  
 
 

( )
( )

( )
( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+

ωξ+
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+

ωξ+
=

2
d

2
n

n
2

d
2

n

n
n

s

)0(z)0(z

s

)0(zs
)s(Z

&
                                            (24)    

 
 
 

( )
( )

( )

( )
⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧

ω+ωξ+

ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+

ωξ+
=

2
d

2
n

d
d

n

2
d

2
n

n
n

s

)0(z)0(z

s

)0(zs)s(Z

&

                                      (25) 

 
 
 

Take the inverse Laplace transform using Reference 1. 
 
 

( ) ( ) ( ) ( ) ( )tsintexp
)0(z)0(z

tcostexp)0(z)t(z dn
d

n
dnn ωξω−

⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+ωξω−=
&

         (26) 

 

( ) ( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+ωξω−= tdsin
d

)0(zn)0(ztdcos)0(ztnexp)t(nz
&

                        (27) 

 
 
 
Take the first derivative to determine the relative velocity. 
 
 

( ) ( ) ( ) ( )

( ) ( ) ( ){ } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin)0(z)0(ztcos)0(ztexp)t(z

dnddn

d
d

n
dnnn

ωωξ++ωω−ξω−+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+ωξω−ξω−=

&

&
&

                                  

 
(28) 
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( ) ( ) ( ) ( )

( ) ( ) ( ){ } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin)0(z)0(ztcos)0(ztexp)t(z

dnddn

d
d

n
ndnnn

ωωξ++ωω−ξω−+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

ξω−ωξω−ξω−=

&

&
&

                                  

 
(29) 

 

( ) ( ){ } ( ){ }

( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
ω
ωξ+

ξω−ω−ξω−+

ωωξ++ξω−ξω−

=

tsin)0(z)0(z)0(ztexp

tcos)0(z)0(z)0(ztexp

)t(z

d
d

n
ndn

dnnn

n

&

&

&

                                  

 
(30) 

 
 

( ) ( ){ }

( ) ( )[ ]{ } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωωξ+ξω−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z1texp

tcos)0(ztexp)t(z

dnn
2

d
d

n

dnn

&

&&

                                  

 
(31) 

 
 

( ) ( ){ }

( ) ( ){ } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωωξ−ξω−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z1texp

tcos)0(ztexp)t(z

d
2

nn
2

d
d

n

dnn

&

&&

                                  

 
(32) 

 
( ) ( ){ }

( ) ( ) ( ){ } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωωξ−ξω−ξ−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z11texp

tcos)0(ztexp)t(z

d
2

nn
22

n
d

n

dnn

&

&&

                                  

 
(33) 
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( ) ( ){ }

( ) ( ) ( ){ } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωωξ−ξω−ωξ+ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z1texp

tcos)0(ztexp)t(z

d
2

nn
2

n
22

n
d

n

dnn

&

&&

                                  

 
(34) 

 
 

( ) ( ){ }

( ) { } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωξω−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z1texp

tcos)0(ztexp)t(z

dn
2

n
d

n

dnn

&

&&

                                  

(35) 
 
 

( ) ( ) { } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωξω−ω−
ω

+ωξω−= tsin)0(z)0(z1tcos)0(ztexp)t(z dn
2

n
d

dnn &&&                                   

 
(36) 

 
 

( ) ( ) { } ( )
⎭
⎬
⎫

⎩
⎨
⎧

ωξ−ω−
ω
ω

+ωξω−= tdsin)0(z)0(zn
d
ntdcos)0(ztnexp)t(nz &&&                                   

 
(37) 

 
Take the second derivative to determine the acceleration. 
 
 

( ) ( ) { } ( )

( ) ( ) { } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin)0(z)0(ztcos)0(ztexp)t(z

dnnddn

dn
d
n

dnnn

ωξ−ω−ω+ωω−ξω−+
⎭
⎬
⎫

⎩
⎨
⎧

ωξ−ω−
ω
ω

+ωξω−ξω−=

&&

&&&&
                                  

 
(38) 

 
 

( ) ( ) { } ( )

( ) ( ) { } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin)0(z)0(ztcos)0(ztexp)t(z

dnnddn

dn
d

2
n

dnnn

ωξ−ω−ω+ωω−ξω−+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ωξ−ω−
ω
ξω

−ωξω−ξω−=

&&

&&&&
                                  

 
(39) 
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( ) { }{ } ( )

( ) { } ( )tsin)0(z)0(z)0(ztexp

tcos)0(z)0(z)0(ztexp)t(z

dn
d

2
n

dn

dnnnnn

ω
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ξ−ω−
ω
ξω

−ω−ξω−+

ωξ−ω−ω+ξω−ξω−=

&&

&&&&

                                  

 (40) 
 
 

( ){ } ( )

( ) { }{ } ( )tsin)0(z)0(z)0(ztexp1
tcos)0(z2)0(ztexp)t(z

dn
2

n
2

dn
d

dnnnn

ωξ−ω−ξω−ω−ξω−
ω

+

ωξ+ωξω−ω−=

&&

&&&

                                  

(41) 
 
 

( ){ } ( )

( ){ } ( )tdsin)0(z2
n

2)0(z3
n)0(z2

dtnexp
d

1
tdcos)0(z2)0(zntnexpn)t(nz

ωωξ+ξω+ω−ξω−
ω

+

ωξ+ωξω−ω−=

&&

&&&

                                  

(42) 
 
 

( ){ } ( )

( ) ( )tdsin)0(z2
n

2)0(z3
n)0(z212

ntnexp
d

1
tdcos)0(z2)0(zntnexpn)t(nz

ω
⎭
⎬
⎫

⎩
⎨
⎧ ωξ+ξω+⎟

⎠
⎞⎜

⎝
⎛ ξ−ω−ξω−

ω
+

ωξ+ωξω−ω−=

&&

&&&

          

                         
(43) 

 
 

( ){ } ( )

( ) ( )tdsin)0(z2)0(zn)0(z21tnexp
d

2
n

tdcos)0(z2)0(zntnexpn)t(nz

ω
⎭
⎬
⎫

⎩
⎨
⎧ ξ+ξω+⎟

⎠
⎞⎜

⎝
⎛ ξ−−ξω−

ω
ω

+

ωξ+ωξω−ω−=

&&

&&&

                                  

(44) 
 
 

( ){ } ( )

( ) ( )tdsin)0(z221)0(zntnexp
d

2
n

tdcos)0(z2)0(zntnexpn)t(nz

ω
⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ ξ+−+ξωξω−

ω
ω

+

ωξ+ωξω−ω−=

&

&&&

                                  

 
(45) 
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( ){ } ( )

( ) ( )tdsin)0(z221)0(zntnexp
d

2
n

tdcos)0(z2)0(zntnexpn)t(nz

ω
⎭
⎬
⎫

⎩
⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛ ξ−+ξω−ξω−

ω
ω

−

ωξ+ωξω−ω−=

&

&&&

                                  

 
(46) 

 
 

( ) [ ] ( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ ξ−+ξω−

ω
ω

+ωξ+ωωξω−−

=

tdsin0z221)0(zn
d

2
ntdcos)0(z2)0(znntnexp

)t(nz

&&

&&

                                  
 

(47) 
 

( ) [ ] ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

ω⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ ξ−+ξω−

ω
ω

+ωξ+ωξω−ω−

=

tdsin0z221)0(zn
d
ntdcos)0(z2)0(zntnexpn

)t(nz

&&

&&

                                  
 

(48) 
 
Recall equation (22). 
 
 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+
=

2
nsn22s

1
22s

s
22s

sB)s(fZ                                              (49)                                   
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Expand into partial fractions using Reference 2. 
 
 

( )

( )

( )

( )  2
nsn22s2

n2
22

n
2   

3
n2s2

n
2

B

22s2
n2

22
n

2

n
22s2

n
2

B

 2
nsn22s2

n2
22

n
2   

3
n2s2

n
2

B

22s2
n2

22
n

2

n
22s2

n
2

B

2
nsn22s

1
22s

s
22s

sB

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωβξ+⎟

⎠
⎞⎜

⎝
⎛ ω−β

ωξ−⎟
⎠
⎞⎜

⎝
⎛ ω−β

−

⎥⎦
⎤

⎢⎣
⎡ β+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωβξ+⎟

⎠
⎞⎜

⎝
⎛ ω−β

ωβξ+⎟
⎠
⎞⎜

⎝
⎛ ω−β−

−

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωαξ+⎟

⎠
⎞⎜

⎝
⎛ ω−α

ωξ−⎟
⎠
⎞⎜

⎝
⎛ ω−α

+

⎥⎦
⎤

⎢⎣
⎡ α+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωαξ+⎟

⎠
⎞⎜

⎝
⎛ ω−α

ωαξ+⎟
⎠
⎞⎜

⎝
⎛ ω−α−

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+

 

 (50) 
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Let 
 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωαξ+⎟

⎠
⎞⎜

⎝
⎛ ω−α

⎟
⎠
⎞⎜

⎝
⎛ ω−α−

=
2

n2
22

n
2

2
n

2

B1C
                                                                           (51) 

 
 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωαξ+⎟

⎠
⎞

⎜
⎝
⎛ ω−α

ωαξ
=

2
n2

22
n

2

n
22B2C                                                                             (52) 

 
 
 

( )  2
n2

22
n

2   

2
n

2

B3C

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωαξ+⎟

⎠
⎞

⎜
⎝
⎛ ω−α

⎟
⎠
⎞

⎜
⎝
⎛ ω−α

=                                                                        (53) 

 
 

( )  2
n2

22
n

2   

3
n2B4C

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωαξ+⎟

⎠
⎞

⎜
⎝
⎛ ω−α

ωξ−
=                                                                         (54) 

 
 
 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωβξ+⎟

⎠
⎞

⎜
⎝
⎛ ω−β

⎟
⎠
⎞

⎜
⎝
⎛ ω−β−

−=
2

n2
22

n
2

2
n

2

B5C                                                                               (55) 

 
 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωβξ+⎟

⎠
⎞⎜

⎝
⎛ ω−β

ωβξ
−=

2
n2

22
n

2

n
22B6C                                                                             (56) 

 
 



 13

( )  2
n2

22
n

2   

2
n

2

B7C

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωβξ+⎟

⎠
⎞⎜

⎝
⎛ ω−β

⎟
⎠
⎞⎜

⎝
⎛ ω−β

−=                                                                      (57) 

 
 

( )  2
n2

22
n

2   

3
n2B8C

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
ωβξ+⎟

⎠
⎞

⎜
⎝
⎛ ω−β

ωξ−
−=                                                                     (58) 

 
 

 
By substitution into equation (50), 

 

 2
nsn22s

8Cs7C
22s
6Cs5C

 2
nsn22s

4Cs3C
22s
2Cs1C

2
nsn22s

1
22s

s
22s

sB

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+

+
+

⎥⎦
⎤

⎢⎣
⎡ β+

+
+

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+

+
+

⎥⎦
⎤

⎢⎣
⎡ α+

+

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+

 

(59) 
 

[ ] [ ]

⎥⎦
⎤

⎢⎣
⎡ β+

+
+

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+

+++
+

⎥⎦
⎤

⎢⎣
⎡ α+

+

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+

22s
6Cs5C

 2
nsn22s

8C4Cs7C3C
22s
2Cs1C

2
nsn22s

1
22s

s
22s

sB

 

 (60) 
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Let 
 

7C3C10C +=                                                                                                              (61) 

 

8C4C11C +=                                                                                                                (62) 
 
 
By substitution into equation , 
 

⎥⎦
⎤

⎢⎣
⎡ β+

+
+

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+

+
+

⎥⎦
⎤

⎢⎣
⎡ α+

+

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+

22s
6Cs5C

 2
nsn22s

11Cs10C
22s
2Cs1C

2
nsn22s

1
22s

s
22s

sB

 

 (63) 
 

⎥⎦
⎤

⎢⎣
⎡ β+

+
+

⎥⎦
⎤

⎢⎣
⎡ ω+ωξ+

+
+

⎥⎦
⎤

⎢⎣
⎡ α+

+

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω+ωξ+⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

β+
−

α+

22s
6Cs5C

 2
d

2)ns(

11Cs10C
22s
2Cs1C

2
nsn22s

1
22s

s
22s

sB

 

 
(64) 
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Take the inverse Laplace transform using Reference 1. 
 
 

[ ]

)tsin(6C)tcos(5C

)tdsin(10Cn11C
d

1)tdcos(10C)tnexp(

)tsin(2C)tcos(1C)t(fz

β
β

+β+

⎥
⎦

⎤
⎢
⎣

⎡
ωωξ−

ω
+ωωξ−+

α
α

+α=

 

(65) 
 
 
 
 
Let 
 

10Cn11C20C ωξ−=                                                                                                      (66) 
 
 
 
 
 

)tsin(6C)tcos(5C

)tdsin(20C
d

1)tdcos(10C)tnexp(

)tsin(2C)tcos(1C)t(fz

β
β

+β+

⎥
⎦

⎤
⎢
⎣

⎡
ω

ω
+ωωξ−+

α
α

+α=

 

(67) 
 
 
 
The total relative displacement for 0 < t < T is  
 

)t(z)t(z)t(z fn +=                                                                                  (68) 
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( ) ( ) ( ) ( )

⎥
⎦

⎤
⎢
⎣

⎡
ω

ω
+ωωξ−+

β
β

+β+α
α

+α+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+ωξω−=

)tdsin(20C
d

1)tdcos(10C)tnexp(

)tsin(6C)tcos(5C)tsin(2C)tcos(1C

tdsin
d

)0(zn)0(ztdcos)0(ztnexp)t(z
&

 

(69) 
 
Let  

⎥
⎦

⎤
⎢
⎣

⎡
ω

ω
+ωωξ−= )tdsin(20C

d

1)tdcos(10C)tnexp()t(3R                                               (70) 

 
 
 

The total relative velocity for 0 < t < T is 
 
 

( ) ( ) { } ( )

[ ])tdcos(20C)tdsin(10Cd)tnexp(

)t(3Rn

)tcos(6C)tsin(5C)tcos(2C)tsin(1C

tdsin)0(z)0(zn
d
ntdcos)0(ztnexp)t(z

ω+ωω−ωξ−+

ωξ−

β+ββ−α+αα−

⎭
⎬
⎫

⎩
⎨
⎧

ωξ−ω−
ω
ω

+ωξω−= &&&

                   

 (71) 
 

                              
The total absolute acceleration for 0 < t < T calculated from the equation of motion. 
 
 

mx c y x k y x&& ( & & ) ( )= − + −                                                                                    (72) 
 

zkzcxm −−= &&&                                                                                    (73) 
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z
m
kz

m
cx −−= &&&                                                                                (74) 

 

z2
nzn2x ω−ωξ−= &&&                                                                          (75) 

 
 
The solution is completed by substituting equations (69) through (71) into equation (75). 
 
The relative displacement at t = T is 
 

( ) ( ) ( ) ( ) ( )

⎥
⎦

⎤
⎢
⎣

⎡
ω

ω
+ωωξ−+

β
β

+β+α
α

+α+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+ωξω−=

)Tdsin(20C
d

1)Tdcos(10C)Tnexp(

)Tsin(6C)Tcos(5C)Tsin(2C)Tcos(1C

Tdsin
d

)0(zn)0(zTdcos)0(zTnexpTz
&

  

 (76) 
 
 
The relative velocity at t = T is 
 
 

( ) ( ) { } ( )

[ ])Tdcos(20C)Tdsin(10Cd)Tnexp(

)T(3Rn

)Tcos(6C)Tsin(5C)Tcos(2C)Tsin(1C

Tdsin)0(z)0(zn
d
nTdcos)0(zTnexp)T(z

ω+ωω−ωξ−+

ωξ−

β+ββ−α+αα−

⎭
⎬
⎫

⎩
⎨
⎧

ωξ−ω−
ω
ω

+ωξω−= &&&

 

(77) 
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The relative displacement for t > T is found by adding a delay into equation (27). 
 
 

( )( ) ( )( ) ( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−ω
⎭
⎬
⎫

⎩
⎨
⎧

ω
ωξ+

+−ω−ξω−= Ttsin)T(z)T(zTtcos)T(zTtexp)t(z d
d

n
dn

&
                                   

 
(78) 

 
 
Note that the absolute displacement is equal to the relative displacement for t > T. 
 
 
 
The relative velocity for t > T is 
 

( )( ) ( )( ) { } ( )( )
⎭
⎬
⎫

⎩
⎨
⎧

−ωξ−ω−
ω
ω

+−ω−ωξ−= Ttsin)T(z)T(zTtcos)T(zTtexp)t(z dn
d
n

dn &&&  

 
(79)  

 
 

Note that the absolute acceleration t > T is found via the equation of motion. 
 

 

z2
nzn2x ω−ωξ−= &&&                                                                          (80) 
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APPENDIX A 

 
 
Example 
 
 

 
 
                   Figure 1. 
 
 
 
A single-degree-of-freedom system has a natural frequency of 120 Hz with 5% damping.   
 
The system is subjected to a wavelet base input, with an amplitude of 1 G, a frequency of 
100 Hz, and 11 half-sine pulses.  The acceleration response is shown in Figure 1. 
 
 
 
 


