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Introduction

Consider the single-degree-of-freedom system in Figure 1.

Figure 1.

where
= mass

= viscous damping coefficient
stiffness

= absolute displacement of the mass
= base input displacement
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A free-body diagram is shown in Figure 2.
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Summation of forces in the vertical direction

D F= mx

mX =c(y—X)+k(y—x)

Letz=x-y (relative displacement)
z=%-y
7=%X-Y
X=72+Yy

Substituting the relative displacement terms into equation (2) yields

m(Z+Vy)=-cz—kz

mZ +cz+kz =-my

Dividing through by mass yields
Z+(c/m)z+(k/m)z=-y
By convention,

(c/m) =2&wp
(k/m) = o2

where oy, is the natural frequency in (radians/sec), and & is the damping ratio.

Substitute the convention terms into equation (5).
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Z+280opz+0n2=-y
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Response to Wavelet Base Excitation

The base excitation function is:

Asin{ZTE ft} sin2nft], 0<t<T
y(t) =
0, t>T
(72)
where
A = wavelet acceleration amplitude
f = wavelet frequency
N = number of half-sines, odd integer > 3
T = N/(@2f1)
The base excitation may also be expressed as:
~Acos (N +1)27t Tt Beos (N —1)27t ft , 0<t<T
2 N 2 N
y(t) =
0, t>T
(7b)



The equation of motion becomes

2+ 26on2+on’z = %005{(“‘ +1)2an1 —%co{(N —1)2an1 , 0<t<T

Let

2nf
- (N+1) L
a=(N+1) N

2nf
=(N-1)—/
B=(N-1) N
B=A/2

2+2§oanz+con22:Bcos(at)—Bcos(Bt) , 0<t<T

Now take the Laplace transform.

L{2+ 28002 + oanzz} = L{Bcos(at) — Bcos(Bt) }

s27(s) - s2(0) — 2(0)

+2EmnSZ(s) — 26mnz(0)
Bs Bs
+on’26) =5 s
s“+a” s+

Bs B Bs
2 52+l32

{52 1 2E0ns + on 2 }Z(s) +{-1J2(0) + -5 - 280 J2(0) =
ST+

(8)

(%a)

(9b)

(9c)

(10)

(11)

(12)

(13)



Bs

Bs

{52+2§wns+wn2 }Z(s) =2(0) + {s + 28wp j2(0) + 5
ST+

2 52+B2

1

] 2(0) + {s + 2&0p j2(0) Bs Bs
Z(S)‘{ 2 = }*{2 282+52H52

$” +2EmnS + op ST +a

Let
Z(8) = Zn(8) + Z¢ (s)

where

s? + 2EmpS + wnz

2. {2(0) +{s+280n }z(O)}

s S 1
Zf(s)=B =
{52 ro? s? +B2H32+2§mns+mn2}

Consider the denominator term,
2 2 2 2 2
ST +28opS+topc = (S+§mn) +op —(&wn)
2 12805+ 0p2 = (s+80p) +wp2(1-€2)
Now define the damped natural frequency,
0g =0pyl- &2
Substitute equation (21) into (20),

52 + 28 + on2 = (s+Eop )2 + og2

Substitute equation (22) into (18).

+ ZE_)(,OnS +On

J

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)



206 = Z(O)+{S+22§0)n}22(0) (23)
(s+&wmn ) +ag

Rearrange the terms into a convenient format prior to the inverse Laplace transform.

(s +Ewn )2(0) 2(0) + (¢wp )z(0)
Z = 24
n(®) {(S+§mn)2+cod2 ' (S+§0)n)2+03d2 @)
2(0) +(&on 2(0) |
(5 + £on 2(0) od ‘ 5
Z =
" s ton) r0q?] | 6+ ton P od?

Take the inverse Laplace transform using Reference 1.

21 (t) = 2(0) exp(— Emn t)cos(mgt) + {2(0) * ((i“‘w” )Z(O)}exp(— Eont)sin(ogt)  (26)
d
zn (1) = exp(— &mnt){z(O) cos(ogt)+ {2(0) * (F’:n )Z(O)}sin(wdt)} (27)
Q)

Take the first derivative to determine the relative velocity.

25 (t) = —Eop exp(— &mnt){z(O) cos(mgt)+ {2(0) + (5o )Z(O)}sin(mdt)}

od
+exp(- Eont)- 0gz(0)sin(ogt) + {2(0) + (Eon )z(0) fcos(wgt)}

(28)



zp(t) =

zp(t) =

1(0)+(§®n)2(0)} . t}
exp(— &mnt){— Eonz(0) cos(wdt)—amn{ sin(ogt)

®d
+exp(—Eont)f- 0gz(0)sin(ogt)+ {2(0) + (Eop )z(0) }cos(wgt )}

exp(—Eont){- Eonz(0) + 2(0) + (Eop, )z(0) }cos(wgt )}

2(0) +(50n )2(0) ]| . t}
+eXp(— éo)nt>H— codZ(O)—ﬁcon{Z( ) +(Gon }}Sln(wd )

zp(t) =

zp(t) =

zp(t) =

g

exp(— gont){2(0) cos(wgt)}

1 ~confe©) + o (0 infot)
+exp(- &‘an{m—d L O)dzz(o) Eon[2(0) + (Eon }5

exp(— Eont}z(0) cos(ogt)}

2 .
L 0122(0) — £wn2(0) — 2(0) ln(codt)}
+exp(- &mnt){md F wg°-2(0) — &0 2(0) - (Eop ) }s

exp(— Eon thz(0) cos(wgt)}

. 2 . t)
L L on2-£2 f(0) - £0n 2(0) - (€on) z(O)}sm(cod }
+eXp(—§®nt){aéwn (l g )Z(O) Eonz n

(29)

(30)

(31)

(32)

(33)



Zn(t) = exp(-Eonthz(0) cos(wgt)}

+exp(- @mt){i [ on2 + €202 b(0) ~ 20 2(0) - (2orp )2z(0>}sin(wdt)}
g

(34)
25 (t) = exp(= Eont}2(0) cos(wgt)}
+exp(— &mnt}{i % on2z(0) - &mnz(O)}sin(mdt)}
Od
(39)
2 (t) = exp(— &mnt){z(O) cos(wgt)+ 1 % ©n22(0) - Eop, Z(O)}sin(wdt)}
Q5|
(36)
Zn (1) = exp(- amnt){z(O) cos(ogt) + D onz(0) - gZ(O)}sin(codt)}
g
(37)
Take the second derivative to determine the acceleration.
7 (1) = —Eop exp(— gmnt){zw) cos(ogt) + 21 {- wnz(0) —iZ(O)}sin(wdt)}
g
+exp(—Eopt - 0g2(0) sin(ogt)+ op {- ©n2(0) - £2(0) }cos(wgt )}
(38)
2
Zp (1) = exp(- éwnw{— Eonz(0) cos(ogt) - ‘t"’;z {~onz(0) - az(O)}sin(mdt)}
+exp(— Eont)f- ©42(0) sin(ogt)+ on {- ©nz(0) — £2(0) jcos(wgt)}
(39)



71 () = exp(= Eont)f- Eop 2(0) + op, {~ 01 2(0) — £2(0) }}cos(wgt)
2

+exp(- amntﬂl ©42(0) - i";g {wnz(O)azm)}}sin(wdt)

Zp (t) = — on exp(= o thonz(0) + 26 2(0) feos(wgt)
+ L expl- 2ot 0422(0) — £on 2 - 0n2(0) ~ £ 2(0) fsin(ongt)

g

Zn (1) = -~ on exp(=gonthonz(0) + 25 2(0)}cos(wgt)

+ iexp(— F,mnt){f (odZZ(O) + F,mn3z(0) + ﬁzcon 2 Z(O)}Sin((odt)
©d

Zn (1) = - on exp(- Eon t)onz(0) + 25 2(0)fcos(wgt)

L exp( gmnt){— mn2(1— &2)2(0) +Eon32(0) + £2mp 2 Z(O)}sin(mdt)
g

Zn (t) = — o exp(- Eonthonz(0) + 26 2(0)jcos(wgt)
2

+ 20 exp(- amnt){— (1— gzjz(O) +Eonz(0) + &2 Z(O)}sin(mdt)
o

Zn (1) = - on exp(~ Eontfonz(0) + 28 2(0)jcos(ogt)
on? 2 .
+Lexp(—§mnt){§mnz(0)+(—l+2& )Z(O)}sm(mdt)

od

(40)

(41)

(42)

(43)

(44)

(45)



Zp (1) = — op exp(- Eon thonz(0) + 26 2(0) jcos(wgt)
2
—%exp(— gmnt){— £onz(0) +[1— 2@2]z(0)}sin(mdt)

(46)

in(t)=

2
—exp(- gmnt){mn [onz(0) + 2&_,2(0)]cos(mdt)+°°Ld[— Eonz(0) + (1— 2&2)2(0)}sin(wdt)}
(o))

(47)
in(t)=

—op exp(- E‘,cont){[(onz(O) + Ziz(O)]cos(mdt)+w—n[— Eonz(0) + (1— Zizjz(o)}sin(mdt)}
o

(48)

Recall equation (22).

s S 1
Zf(s)=B - (49)
' {32+a2 32+[32H32 +2§wns+mn2}
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Expand into partial fractions using Reference 2.

B s s 1 B
210l s24 B2 s ¢ 2EmnS + con2
—( 2 —o)nzjs+ 280 2c0n

{(az _wanZ +(2tamp )2}[ s2 1 ocz}

(az —(onz)s - 2&@3
+B
{(az - Conz)z +(28awn )2}{52 +28mns + (Onz}
—(52 —(oanSJr 263 2o,
_B

[[BZ —wnzjz +(2&Bwn)2][ 2452 |

(8- 0f Js- 2607

- {(Bz —conzjz + (2§an )2][82 + 2Eonps + oanz}

(50)

11



Let

C3=B 5
[(azm%j +(2<§(xo3n) ]
3
Cyq =8B —25wn

12

(51)

(52)

(53)

(54)

(55)

(56)



Cr—B (Bz _wr‘zj (57)
[(BZ - wnzjz +(2Bon )2]

Cg=-B (58)
2 2)? 2
B -on | +(2&pwn)
By substitution into equation (50),
813 ; 2 25 2(]2 1 B
s“+a” sT+B7J|s +2F,cons+con2
C1s+Co N C3s+Cy N Cgs+Cg N C7s+Cg
[32+a2} [52+2§°)n5+®rﬂ [82+B2} [32+2§wns+mﬂ
(59)

B s s 1 B
52 4 a2 52+[32 32+2§mns+wn2

C1s+C»o N [C3+C7]S+ [C4+C8]+ Cgs+Csg
[32+a2} [52+25_,wns+wrﬂ [52+82}

(60)
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Let

C10=C3+C7y (61)

C11=Cy+Cg (62)

By substitution into equation ,

B s s 1 3
s 1 a2 32+[32 32+2§cons+con2

Cis+Cp Cios+ C11 , C55+Cp
[52+a2} [52+2§mns+mﬂ [52+B2}

(63)

B s s 1 3
52+ a2 32+[32 32+2§mns+mn2

Cis+Cp | Cio s+ C11 , C55+Cp
[52+a2:| [(S+§wn)2+md2} [52+BZ}

(64)
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Take the inverse Laplace transform using Reference 1.

zf (t) = Cqcos(at) + 2sin(oct)
(0
+ exp(—amnt)[ C10 cos(ogt) + i[cll -&onC10 ]sin(mdt)}

+ Cgcos(Bt) + %sin(ﬁt)

(65)
Let
C20 =C11-EonCy0 (66)
Co .
zf (t) = Cqcos(at) + —=sin(at)
o
+ exp(—gmnt)[ C10 cos(ogt) + iC20 sin(codt)}
0
Ceg .
+ Cgcos(Bt) + ?sm(ﬁt)
(67)
The total relative displacement for0 <t<T s
2(t) = 2 (1) + 2¢ (1) (68)
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z(t) = exp(— &mnt){z(O) cos(ogt)+ {Z(O) +(Eon )Z(O)}sin(mdt)}
g

+ Cqcos(at) + 2sin(oct) + Cgcos(Bt) + %sin(ﬁt)
o

+ exp(—&wnt){ C10 cos(ogt) + iCgo sin(mdt)}
od

(69)
Let
R3(t) = exp(—amnt){ C10 cos(ogt) + LCZO sin(mdt)} (70)
g
The total relative velocity forO<t<T s
2(t) = exp(- F,cont){Z(O) cos(ogt) + 2 onz(0) - &2(0)}sin((odt)}
g
— aCqsin(at) + Cocos(at) — BCysin(Bt) + Cgcos(Bt)
—&on R3(1)
+ exp(—&wnt)[— odC10 sin(ogt) +Coo cos(wdt)]
(71)
The total absolute acceleration for 0 <t < T calculated from the equation of motion.
mX =c(y—-X)+k(y—x) (72)
mX = —cz —kz (73)
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= L5 K, (74)
m m

X =—2ton 2 —opz (75)

The solution is completed by substituting equations (69) through (71) into equation (75).

The relative displacement att =T is

1) =l zon) 2o} {2002 o

@d

+ Cqcos(aT) + 2sin(ocT) + Cgcos(BT) + C—B65in(BT)
(04

+ exp(—c’;mnT){ C10 cos(ogT) + iC20 sin(de)}
Od

(76)
The relative velocity at t = T is
2(T) = exp(- awnT){z(O) COS(wdT)+2—2{— onz(0) - i?(o)}Si”(wdT)}
— aCysin(aT) + Cpcos(aT) — BCssin(BT) + Cgcos(BT)
—&on R3(T)
+exp(~EnT)| - @dC10 Sin(gT) + C20 cos(ogT)]
(77)
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The relative displacement for t > T is found by adding a delay into equation (27).

2(t) = exp(- gon (t—T)){Z(T)cos(md (t—T))+{Z(T)Jr(j;”n)z('r)}sin(md (t_T))}

(78)

Note that the absolute displacement is equal to the relative displacement for t > T.

The relative velocity for t > T is
2(t) = exp(— gon (t - T)){zm cos (g (t - T))+ ™ {- 0n2(T) - £ 2(T)}sin(wq(t - T))}
(g
(79)

Note that the absolute acceleration t > T is found via the equation of motion.

X =-2&wn 2 _‘Dr%z (80)
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APPENDIX A

Example

Absolute Acceleration fn=120 Hz damp=0.05

O e LT,
: : i : : : | — Response

Accel5)

a 0o 002 003 004 005 008 007 008 009 01
Time(sec)

Figure 1.

A single-degree-of-freedom system has a natural frequency of 120 Hz with 5% damping.

The system is subjected to a wavelet base input, with an amplitude of 1 G, a frequency of
100 Hz, and 11 half-sine pulses. The acceleration response is shown in Figure 1.
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