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EQUATION OF MOTION

Consider a single degree-of-freedom system subjected to base excitation.

Figure 1.
where
m is the mass
c is the viscous damping coefficient

k is the stiffness
X is the absolute displacement of the mass

y is the base input displacement

The double-dot denotes acceleration.



The free-body diagram is
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Figure 2.

Summation of forces in the vertical direction,
> F= mx
mX= f(t) +c(y — X) + k(y —x)
Define a relative displacement
Z=X-Yy
Substituting the relative displacement terms into equation (2) yields
m(Z+Vy)=—-cz—-kz

MZ +cz+kz =—-my
Dividing through by mass yields,
Z+(c/m)z+(k/m)z=-y
By convention,

(c/m)=2&wn

(k/m) = on?

where wp, is the natural frequency in (radians/sec), and & is the damping ratio.
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Substituting the convention terms into equation (6) yields

7+ 28@nZ +0p2z = (9)

Equation (9) can be solved using the methods in Reference 1 for the case where the base
acceleration varies arbitrarily with time.

Now assume that the force and base excitation are harmonic functions.

y(t) = Asin(at) (10)
By substitution,
7+ 2802 + on 2z = —Asin(at) (11)

Take the Laplace transform,

L{z+ 2ewn2 +op’z }: L~ Asin(at)} (12)

s27(s) —sz(0) — 2(0)

+2Ew S Z(S) — 2Ew [ 2(0) (13)
27(5) = —AY
o ( ) 52 +OL2

{52+2§mns+wn2}2(s) = 2(0) + {s+ 28w | — 2Aa2 (14)
ST +a
2(0) + {s + 2¢wp, } {—Aoc } 1
Z(s) = + 15
© {52+2Ep)ns+con2} s? +02 52+2§(ons+(on2 )



Consider the denominator term.

52 +2Ep)ns+03n2 = (S+§oon)2 +0)n2 —(?;(on)z
Now define the damped natural frequency,
og =onyl- ﬁz
By substitution,
% + 2EwpS+ con2 = (S+§(Dn)2 + o 2
Z(O)+{S+22’;0)n} { -Aa } 1
Z(s) = +
(S+<’§oon)2+0)d2 52+a2 (S+<’§oon)2+0)d2
The solution for the relative displacement is found using Reference 2.
2(t) = exp(- &opy t){z(O) cos(mgt)+ {z(O) +(&on )Z(O)}sin(codt)}
®d
+ A [(22;0“»” )cos(at) + (ocz—con 2 )Sin(oct)]
{ (ocz—con 2)2 + (2&ocoan )2}
A" Joxp(-Eopt)]
_ “d {(Zamncod)cos(codtﬁ(cxz —op zﬁ—zgz)jsin(mdt)}
{ (ocz—(on 2)2 + (2&amn )2}
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The total relative velocity is
2(t) = exp(— amnt){Z(O) cos(mgt)+ Z—”{— onz(0) - &2(0)}sin(oadt)}
d

Ao

+ [(ocz—mn 2 )Cos(oct)— (2&,&@” )Sin(at)]
[ (az—con 2)2 + (2o )2}

Aafexp(-Eont) {(wn z—az)cos(wdt)Jr&D_n(“)nz +0‘2)Sin(°3dt)}

+[(a2_mn2)2+(2§amn)2} o

(22)

The total relative acceleration is

2(t) = —op (- gmnt){[mnz(O) + 2@2(0)]cos(mdt)+wi{gmnz(O) + ﬁ— 2}’;2)2(0)}sin(mdt)}
g

Aa2

) o200 i) - (3500 ool
{(az_mn 2)2 + (2200 )2}

{ (Q'ZAIO: 2[‘9)’2@:2@; r:::])z} {(2‘:“ ’ )COS(COd t)+ {z—ZH— on? +a2 (l— 262 )}sin(md t)}

(23)



The total absolute acceleration is

%(t) = —op, exp (- Epant){[oanz(O) + 2§Z(O)]cos(mdt)+w—”{famnz(O) + (1— 2&2)2(0)}sin(codt)}
g

Aaz

N [_ (OLZ_(,)n 2 )sin(oct)— (2¢amn )cos(oct)]
2002 +azuon |

Ao [exp (- &ont)] {(Zaoc 2 )cos(codt)+ {Z_ZH— on? +a2 él_ 2¢2 )}Sin(mdt)}

) {(ocz—oanz)z +(2§amn)2}

+ Asin(at)
(24)
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APPENDIX A

Example using Matlab Script

>> sine base

sine base.m version 1.0 January 12, 2012
By Tom Irvine Email: tomirvine@aol.com

This program calculates the response of
a single-degree-of-freedom system subjected
to a sinusoidal base input.

Assume zero initial displacement and zero initial velocity.

Enter the base amplitude (G) 0.2
Enter the base frequency (Hz) 10

Enter the natural frequency (Hz) 10
Enter amplification factor Q 10

Enter duration (sec) 2

maximum acceleration = 1.997 G
minimum acceleration = -1.997 G
maximum relative disp = 0.1952 inch
minimum relative disp = -0.1951 inch



N~ ;m 4 1 o 1. o . o

oooooo



[ ——

N A I N

555555555
........



