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EQUATION OF MOTION

Consider a single degree-of-freedom system. Assume that the base excitation and applied force
are completely independent.
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Figure 1.
where

m is the mass
c is the viscous damping coefficient
k is the stiffness
X is the absolute displacement of the mass
y is the base input displacement

—

is the applied force

The double-dot denotes acceleration.



The free-body diagram is
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Figure 2.

Summation of forces in the vertical direction,

> F= mx
M= (t) + c(y — X) + k(y —X)

Define a relative displacement

Z=X-Yy
Substituting the relative displacement terms into equation (2) yields
m(Z+y)=Ff(t)—cz—kz

MZ+cz+kz =f(t)—my

Dividing through by mass yields,

7+ (c/m)z+k/myz=[f{t)/m]-y
By convention,

(c/m)=2&wn

(k/m) = on?
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where oy is the natural frequency in (radians/sec), and & is the damping ratio.

Substituting the convention terms into equation (6) yields
7+ 2802+ on2z=[ft)/m]-y (9)

Equation (9) can be solved using the methods in Reference 1 for the case where either the force
or the base acceleration varies arbitrarily with time.

Now assume that the force and base excitation are harmonic functions.

y(t) = Asin(at) (10)
[f(t)/m ]=Fsin(pt) (11)

By substitution,
7+ 2802 + o 2z = —Asin(at) + Fsin(Bt) (12)

Take the Laplace transform,

L{2+2&@n2+mnzz }: L{- Asin(at)+ Fsin(Bt) } (13)

s27(s) —sz(0) — 2(0)

+ 280 1S Z(s) — 26w 1 2(0) (14)
2 . —Aa FB
+opZ(s) = 2.2 +52+BZ
{52+2§mns+mn2}2(s) =2(0) + {5+ 2w | - 2Aoc2 LB (15)
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Consider the denominator term.

32+2§mns+mn2=(s+§mn)2+o)n2—(io)n)2 a7

32+2&p)ns+o>n2:(s+§mn)2+con2(1—§2) (18)

Now define the damped natural frequency,

®g = Op \ll—ﬁz (19)

By substitution,
82+2§03ns+con2=(s+§mn)2+o)d2 (20)
2(0) + {5 + 2&wp, | ~Aa FpB 1
Z(s) = + + (21)
(s+Eop )% +og2 {52+0c2 32+[32H(s+§con)2+cod2}



The solution for the relative displacement is found using Reference 2.

2(t) = exp (- &o nt){Z(O) cos(ogt)+ {Z(O) +(&on )Z(O)}sin(mdt)}

g
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+ [(2§aoan )cos(at) + (0(2—0)” 2 )Sin(oct)]
[ (az—oon 2)2 + (2&oco)n )2}

a

] Awd[exp(&mnt)]) }{(ZEJ@ncod)COS(OJdt)-F(OLZ—C‘)nzﬁ_zaz)]sm(mdt)}

{(az—mn 2)2 + (ZF,OLcon 2

_ F [(2aﬁcon Jcos(Bt)+ (BZ —op ? )Sin(ﬁt)]

{(Bz—wnz)z +(25[3(0n)2}
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The total relative velocity is

2(t) = exp (- a@nt){z(O) cos(mdt)+z—”{— o 2(0) —&2(0)}sin(mdt)}
d

e

[ (az—oan 2)2 + (Zia@n )2

. Aafep(-tont)] [(@n 2_a2)cos(wdt)+@°_n(®n2 +0L2)sin(0)dt)}

[(a2—®n2)2+(2&amn)2} o

B FB [(Bz—ﬂ)n 2)cos([3t)—(2§[303n )Sin(ﬁt)]
{ (Bz—wn 2)2 + (Zgﬁ(ﬂn )2}

_ FBlep (- Eont)] (con 2—[Sz)cos(m t)+(t°w—n(03n2 +B2)sin(m t)
{(Bzwnz)er(ZéBwn)Z}{ "o d }
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The total relative acceleration is

(1) = —op exp(— E_,mnt){[mnz(O) + 2gz(0)]cos(mdt)+‘”—“{gmnz(O) + ﬁ— 2&2)2(0)}sin(codt)}
g

N Aa? [_ (Otz—(ﬂn 2)sin(oc'[)—(2§(>m)n )cos(oct)]

{(ocz—oon 2)2 +(2§0c03n)2}

U/:"T f)ﬁpf‘(f;”;i]ﬂ {(Zéaz)cos(mdm fonll o7 ah-22 )}sm«ndt)}

B Fp2 }[ (BZ—COn 2)sin(Bt)—(2§B03n )COS(Bt)]
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The total absolute acceleration is

X(t) = —op exp (- i(ont){[conz(O) + 2@2(0)]cos(wdt)+“’—”%amnzw) + (1— 2&2)2(0)}sin(mdt)}
Od

+ = }[_ (az—mn Z)Sin(at)—(ZEpccon )cos(at)]

{(ocz—mn 2)2 +(2tamp )2

Acop [exp (- gont)] {(Zéaz)cos(w 4t)+ {Z_zH_ on? +a2£l— 2§2)}5in(®dt):|

*{(az_@nz)a(m”)z}

~ FBZ }[ (Bz—ﬁ)n 2)sin([3t)—(2&l3®n)COS(Bt)]

{(Bz—wn 2)2 +(28Bon )2

e O

+ Asin(at)

(25)
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APPENDIX A

Example using Matlab Script

>> sdof force accel

sdof force accel.m version 1.1 January 13, 2011
By Tom Irvine Email: tomirvine@aol.com

This program calculates the response of
a single-degree-of-freedom system subjected
to combined sinusoidal force and base excitation.

Assume zero initial displacement and zero initial velocity.

Enter the natural frequency (Hz) 100
Enter amplification factor Q 10

Enter the mass (lbm) 1
Enter duration (sec) 1
Enter the sample rate (sample/sec) 4000

Enter base acceleration amplitude (G) 2
Enter base acceleration frequency (Hz) 110

Enter force amplitude (1lbf) 3

Enter force frequency (Hz) 90

maximum acceleration = 25.2 G
minimum acceleration -25.32 G

Plot the acceleration response time history ?
l=yes 2= no 1

maximum relative disp = 0.02693 inch
minimum relative disp -0.02725 inch

Plot the relative displacement time history ?
l=yes 2= no 1

Output Files:
acceleration
relative displacement
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Figure A-1.
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