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Two-degree-of-freedom System

The method of generalized coordinates is demonstrated by an example. Consider the
system in Figure 1.

X1 X2

f1(t) r k r

Figure 1.

A free-body diagram of mass 1 is given in Figure 2. A free-body diagram of mass 2 is
given in Figure 3.

Consider the case of free vibration.

The Kinetic energy is

T:%m1>'(12+%m2)'<22 (1)



The potential energy is

1
U= kix1~x2)° @)
E{T+ Uj=0 ®)
dt
%{%mlx 2+%m2X22+%k(X1—X2)2}:O 4)
M1X1X1 + MoX2X2 + k(X1 —X2)X1 —K(X1 —X2)X2 =0 (5)
{maxq +k(xq —x2) %1 +{ma%2 —k(xg —x2){x2 =0 (6)

Equation (6) yields two equations.
{mysq +k(xg —x2)}%1 =0 )

{moxo —k(x1 —x2)j%x2 =0 ®)

Divide through by the respective velocity terms
mqX1 +k(xg —x2)=0 (9)

maX2 —k(x1-x2)=0 (10)



Assemble the equations in matrix form.

m 0 || x k -kl x 0
. Ly L= (11)
0 mop|| X2 -k Kk ||x2 0
Seek a solution of the form

X =gexp( jot) (12)

The q vector is the generalized coordinate vector.

Note that

X =jogep(jot) (13)
% = -0 gexp(jot) (14)

By substitution
—0°M Gexp(jot)+Kgexp(jot)=0 (15)
H)ZM g+ Kq}exp(jmt):ﬁ (16)
~op’M G+Kg=0 (17)
Lo?M +Kfg=0 (18)
det{K—mzlvl }:o (19)

det{{k _k}—mz{ml 0}:0 (20)
-k k 0 mo



(k—cozmlj( k—mzmz)—kz 0
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—ko?(my+m2)+etmimo =0
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Thus the first root is
o =0

f1=0

Find the second root
— 1+m2)+c0 mimo |=0
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mima2
f2=i k(m1+mo
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The eigenvectors are found via the following equations.

1K -2 Mjgy =0 (31)

{K—mzz M}a2=o (32)

For the first mode,

o =0 (33)
Kgp=0 (34)
k —-k|_ -

{_k k}llzo (35)

W“H (36)

Mass-normalize as follows
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The mass-normalized eigenvector is

_ 1 1
e Jmg +my u

For the first mode,

k(mg+my)
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{{mlmz_(mlmeZ)ml -mgmy } -

qz=0
-mimy mymp—(mg+my)my

2
—m —mqm — =
{|: : 122:|}q2_0
—mimo —Mmy

The unscaled mode shape is
— ol M2
q2= B{_ mJ

Mass-normalize as follows

[m2 _ml]{ml 0}{”“2}:[”12 _ml]{ mlmZ} 2

0 moj|-mq -mimy

=mim(mg +my)

S —
Jmima(mg +my) [ —-my

Q=[m d2]
1 mo
0= Jmg+my Jmmo(mg +mp)
1 —ml

Jmp+my  Jmamy(mg +my)

=mMmso~+mMomq
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Q=+ | Vmm: (52)
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Let T be the influence vector which represents the displacements of the masses resulting
from static application of a unit ground displacement.

Define a coefficient vector L as

L=¢'MT (54)
1 1
_ 1 mg 0 ||1
o[ fam]m e -
My +M2 |\ m; M 0 my|l

1 1 1 m
| me [ =
mq +mo mq m, my



[ {m“mz} (57)

Jmp +my 0

E:{Vm“mz} (58)

0

The modal participation factor matrix I'j for mode i is

Lj
mij

I'i= (59)

Note that m jj = 1 for each index if the eigenvectors have been normalized with respect

to the mass matrix.

I1=ymg+my (60)

I'p=0 (61)

The effective modal mass megf j for mode i is

E- 2
|
Meff = — (62)
€ ] M i
Meff, 1= M1 + My (63)
Meff, 2=0 (64)

Assemble the equations in matrix form with the applied force.



LRI

(2

-k kK

(65)

Equation (65) is coupled via the stiffness matrix. An intermediate goal is to decouple the

Decoupling
equation.
Simplify,
where
M ={m1 0 :|
0 m2
[k -k
K =
-k Kk
X = Xl}
| X2
_ [f
E_ 1(0}
0
Q=[m o]
OTMO=1

MX+KX=F

(66)
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(68)

(69)
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(72)
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and

O»
_|
A
O>
Il
@)

(73)
where
I is the identity matrix
Q is adiagonal matrix of eigenvalues
The superscript T represents transpose.
Note the mass-normalized forms
A Vi Wq
Q= { ) } (74)
V2 W2
ot - { oo } (75)
W1 W2

Rigorous proof of the orthogonality relationships is beyond the scope of this tutorial.
Further discussion is given in References 1 and 2.

Nevertheless, the orthogonality relationships are demonstrated by an example in this
tutorial.

Now define a generalize coordinate n(t) such that

X=Qn (76)

Substitute equation (76) into the equation of motion, equation (66).

MQH+KQM=F (77)
Premultiply by the transpose of the normalized eigenvector matrix.
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Q"MQH+QTKQT=QTF (78)

The orthogonality relationships yield

17+Qn=0"F (79)

The equations of motion along with an added damping matrix become

[1 o}{mHzalwl 0 }m* of 0 {anvl vﬂ{na)}
0 172 0  285mp|N2 0 0)22 n2 W1 Wp | O

(80)
0 1jlfiz] [0 282wz N2 |0 @) |n2| [W1 W2 O
(81)
Note that the two equations are decoupled in terms of the generalized coordinate.
Equation (81) yields two equations
1= V1fy () (82)
. : 2 -
f2+ 282 w1 2+ w,y o= W1y () (83)

The equations can be solved in terms of Laplace transforms, or some other differential
equation solution method.

Now consider the initial conditions. Recall

X =Qn (84)
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Thus
X(0) = QW (0)

Premultiply by QT M.

QT Mx(0) = QT MQ7(0)

Recall
OTMO=1
QT Mx(0) = IT(0)
QT Mx(0) = 7(0)

Finally, the transformed initial displacement is

7(0) = QT Mx(0)

Similarly, the transformed initial velocity is

70 = QT MX(0)
A basis for a solution is thus derived.

Sinusoidal Force

(85)

(86)

(87)

(88)

(89)

(90)

(91)

Now consider the special case of a sinusoidal force applied to mass 1 with zero initial

conditions.

f1(t) = Asin(ot)

fa()=0

(92)

(93)
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Thus,
Nn1= \71ASin((0t)

.. . 2 o .
N2+ 252 mon 2+ ®, M 2= WlASIn(oat)

The equations are solved using the methods in References 3 and 4.

Take the Laplace transform of equation (94).
n1= VlASin(OJt)

L{ij1 } = {0 Asin(wt )}

Szﬁl(s)—snl(o)—ﬁl(o)=\71A{ — 2}
ST+w

s2A1(5) -sn1(0) ~M1(0) = le{ = 2}
ST+

A N (Q)) .
s2fy(9) = le{ 5 2}+sn1(0>+n1<0)
ST+

N N 1 ® 1 1.
nis) = V1A—{ }+—n1(0)+—n1(0)
s2 (s2+w2) S s2
N . 111 -1 1 1.
ni(s) = V1A—{—+ }+—n1(0)+—n1(0)
o[s? s24p2) S %

(94)

(95)

(96)
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(99)

(100)

(101)

(102)
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The solution is found via References 3 and 4. The inverse Laplace transform for the
first modal coordinate is

n1() = 1A fot —sin(wt)} + n1(0) + 1)t (103)
0]

For zero initial conditions,

n1(0) = A {ot —sin(wt)} (104)
()]

Recall the equation for the second modal coordinate.

.. . 2 A .
2+ 282N 2+ w,yMo= W1Asin(owt) (105)

From Reference (5),

na(t) =

+ [( ) zj\;\/lp(\ ; { ~[2850; m]cos(mt)—é[ 2 —0)22 }sin(wt)}
0 —w, | +(252 P02 ]

WA —2— lexp (- £mot)

+ ~o2 } {[2‘;32“’2 ‘”d,z}cos(@d,ztj*[“’z _‘022@_2‘322)}“”(0%,2@}

{(BZ —wf]z +(28Bwy)?

+ exp (— ézmzt){n 2(0) COS((Dd,Zt)-i- {h 2(0)+ (ézmz )ﬂ 2(())}sin(<nd,2t)}
®g,2

(106)
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For zero initial conditions,

A

na(t) =
W]_A

+{( , 2)2 s )2}{—[2@032 w]cos(mt)—é[ 2—0)22 }Sin(mt)}
0 -0, | +(282Bw)

WA —— e (- gompt)

+ o2 } {[2‘52(”2 @d,z}cos(wd,zt){(”z “022@‘2522)}“”("’(1,?)}

KB2—®SJZ+@§26w2F

(107)

The physical displacements are found via

x=0Q7n (108)

An example is given in Appendix A.

The transfer function can be calculated using the method in Appendix B.
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Example

Consider the system in Figure 1 with the values in Table A-1.

Assume 5% damping for each mode. Assume zero initial conditions.

APPENDIX A

Table A-1. Parameters

Variable Value Unit
mq 2 Ibm
mo 1 Ibm
k 2000 Ibf/in

1 Ibf
f 171.3 Hz

The analysis is performed using a Matlab script. Note that the system is driven at its
second natural frequency.

>> semidefinite force
semidefinite force.m

Response of a semi-definite two-degree-of-freedom
system subjected to an applied sinusoidal force.

By Tom Irvine

Enter unit:

1

Mass unit:
Stiffness unit:

Enter mass 1

2

Enter mass 2

1

Enter stiffness for spring between masses 1 & 2

2000

EFmail:

1=English

lbm
1lbf/in

ver 1.4

tom@vibrationdata.com

2=metric

May 2,

2014
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Natural Participation Effective

Mode Frequency Factor Modal Mass
1 5.096e-07 Hz 0.08816 0.007772

2 171.3 Hz 0 0
modal mass sum = 0.007772

mass matrix

0.0052 0

0 0.0026

stiffness matrix

k =

2000 -2000
-2000 2000

ModeShapes =

11.3431 -8.0208
11.3431 16.0416

Enter
Apply
Enter
Enter

Enter

viscous damping ratio 0.05
sinusoidal force to mass 1
force (1lbf) 1

excitation frequency (Hz) 171.3

duration (sec) 0.1
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Displacement
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Figure A-1.
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Figure A-2.
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Acceleration
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, w10 Relative Displacement dof 2-1
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Figure A-4.
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Transfer Function Magnitude H 1 2
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Figure A-5.

The rigid-body mode has been suppressed.



Transfer Function Magnitude H 1 2
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Figure A-6.

The rigid-body mode has been suppressed.



Transfer Function Magnitude H 2 2
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Figure A-7.

The rigid-body mode has been suppressed.



APPENDIX B

Transfer Function

The following is taken from Reference 6.

The variables are:

F Excitation frequency
fr Natural frequency for mode r
N Total degrees-of-freedom

Hi:(f) The steady state displacement at coordinate i due to a harmonic force
1 excitation only at coordinate j

Er Damping ratio for mode r

dir Mass-normalized eigenvector for physical coordinate i and mode number r

® Excitation frequency (rad/sec)

Oy Natural frequency (rad/sec) for mode r

The following equations are for a general system. Note that r should be given an initial
value of 2 in order to suppress the rigid-body mode for the case of the semi-definite,
two-degree-of-freedom system. This is needed since the fundamental frequency is zero,
aside from numerical error.

Receptance

The steady-state displacement at coordinate i due to a harmonic force excitation only at
coordinate j is:

N1 dir djr 1
GED A
’ | o (1—Pr2j+j (2&rpr) (B-1)
where
pr =f/f; (B-2)
j=-1 (B-3)
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Note that the phase angle is typically represented as the angle by which force leads
displacement. In terms of a C++ or Matlab type equation, the phase angle would be

Phase = - atan2(imag(H), real(H)) (B-4)

Note that both the phase and the transfer function vary with frequency.

A more formal equation is

Phase(f) = —arctan{imag (H I (f))} (B-5)

reaIiHij(f)i

Mobility

The steady-state velocity at coordinate i due to a harmonic force excitation only at
coordinate j is

) N (I) (I)
Aij() = jo 3 2
r=1| ©r (1—Pr j"‘J (2&rpr)

(B-6)

Accelerance

The steady-state acceleration at coordinate i due to a harmonic force excitation only at
coordinate j is

~ N | oir ¢jr 1
Hijf)=—0? Y -
’ r=1 wrZ (1_Pr2)+j (2&rpr) (B-7)
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Relative Displacement

Consider two translational degrees-of-freedom i and j. A force is applied at degree-of-
freedom k.

The steady-state relative displacement transfer function Rj; between i and j due to an
applied force at k is

Rij=Hik (f)—Hjk ()

=§: dir Okr 1 3 djr dkr 1
r=1 (Drz (1—Pr2)+] (2&pr)| =1 (sz (1—Pr2j+] (2&rpr)
(B-8)
R--—% (¢ir—¢jr)¢kr 1 (B-9)
= . -
J r=1 ‘Drz (1—Pr2)+j (2&rpr)

The steady-state relative displacement transfer function Rj; between i and j due to an
applied force at k is

Rijj=Hik (f)—Hjk(f)

dir Okr 1 N 1 djr dkr 1

N
& l ? (1—Pr2j+] (2&rpr)

2 ~
r=1| Or (1—Pr2)+1(2§rpr) r=1| ©r

(B-10)
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2
Ri :%‘ (¢ir—¢j2r)¢kr (1—pr j

2
r=1 o (1—Pr2j +(2&rpy )2

y % (6ir =01 ) bkr (2&.p,)

2 2
r=1 @r (1—Pr2) +(2§rpr)2

(B-11)
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