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Introduction

Consider the single-degree-of-freedom system subjected to an applied force in Figure 1.
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Figure 1.
where
F(t) = Applied force
c = viscous damping coefficient
k = stiffness
x = displacement

Summation of forces in the vertical direction yields the equation of motion.
cX + kx = F(t) (1)
Derive the transfer function by taking the Laplace transform.

L{cx+kx}=L{F(t) } (2)



csX(s) —cx(0) + kX(s) =F(s)

[cs+Kk]X(s) = F(s) +cx(0)

F(s) +cx(0)

X(s) =
©) cs+k

Now assume that the initial displacement is zero.

_ Fs)
) = cs+k
XeE) 1
F(s) ~cs+k

The dynamic stiffness in the Laplace domain is

F6) _

=cs+k
X(s)

The dynamic stiffness in the frequency domain is

Flo)
X(®)

=k+jco
The initial value problem for the free response is

cx(0)
cs+k

X(s) =

(3)

(4)

(5)

(6)

(")

()

(8)

(9)



x(0)

= ko)

The inverse Laplace transform yields the time domain response.

x(t) = x(0) exp[(k/c)t ]

APPENDIX A

Consider the single-degree-of-freedom system subjected to an applied force.
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Figure A-1.

The equation of motion is

mMX + cX + kx = F(t)
Derive the transfer function by taking the Laplace transform.

L{mx +cx +kx} = L{F(t) }

msZX(s) —mx(0) —msx(0) + cs X(s) —cx(0) + kX(s) =F(s)

(10)

(11)

(A-1)

(A-2)

(A-3)



[ms,2 +Cs+ ij(s) = F(s) + ¢ X(0) + mx(0) + msx(0)

F(s) + ¢ x(0) + mx(0) + msx(0)

ms2 +cs+k

X(s) =

Now assume that the initial displacement is zero.

X(s) =
ms© +cs+k
X(s) 1

F()  ms2 +cs+k
The dynamic stiffness in the Laplace domain is

@ :msz+cs+k

X(s)
The dynamic stiffness in the frequency domain is

F(o) 2

X(w)

=k—-mo*® + jco

The mechanical impedance in the frequency domain is

Flw) k- mo? + jcw
V() jo

(A-4)

(A-5)

(A-6)

(A-7)

(A-8)

(A-9)

(A-10)



F(w) I ¢
—= =C+j{——+m0):|
V() ®

The apparent mass in the frequency domain is

| k
F((D) C+j|:—®+m(0i|
A(m) [0)

Fo) o k] e

Note that

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)
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By substitution,

F) |, o | .2tn
Ao) _mﬂl wz} j . } (A-18)
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APPENDIX B
Consider the following two-degree-of-freedom system subjected to an applied force.
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Figure B-1.

The free-body diagrams are

F(t)

Figure B-2.



The equations of motion are
k(x1-x2)+F(t)=0
k(x2 -x1) = F(1)
cX1 +k(x1-%x2)=0
Solve for xo using Equation (B-2).

=@+X1

X2 K

By substitution,

cX1 + k(X1 -X2)=0

C).(]_-i-k(Xl-?—le:O

cXx1 = F(t)
Take the Laplace transform.

Licxyj=L{F@®) }

(B-1)

(B-2)

(B-3)

(B-4)

(B-5)

(B-6)

(B-7)

(B-8)

(B-9)



csX1(s)—cx1(0) =F(s) (B-10)

csX1(s) =F(s)+cx1(0) (B-11)
X1(s) = w (B-12)

Recall
k(x2 - x1) = F(t) (B-13)

Take the Laplace transform.

Lik(xz -x1) }=L{F(®)} (B-14)

kX5 (s) — kX1 (5) = F(S) (B-15)

kX5 (8) = F(8) + k X1 () (B-16)

KX (s) = F(s) + k{W} (B-17)
)

KX5(8) = F)| 14— |+ <x1(0) (B-18)
CS S

X5 (5) = F(s) E+ﬂ +%x1(0) (B-19)



Now assume the initial displacement is zero.

xg9=F@{%+§é

X() = F(s){c“k}

cks

The receptance in the Laplace domain is

Xo(s) cs+k
F(s) cks

The dynamic stiffness in the Laplace domain is

F(s)  cks
Xo(s) cs+k

The dynamic stiffness in the frequency domain is

F(w)  jcko
Xo(m) k+jco

The initial value problem for the free response is

Xa(5)==%1(0)

(B-20)

(B-21)

(B-22)

(B-22)

(B-22)

(B-23)
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The inverse Laplace transform yields the time domain response in terms of the unit step
function u(t).

X2(t) =x1(0) u(t) (B-24)

This can be simplified as

X2 (t) =x1(0) (B-25)

Likewise

x1(t) = X1 (0) (B-26)
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APPENDIX C

Consider the following two-degree-of-freedom system subjected to an applied force.

;S SS S S S
Figure C-1.
F(t)
X2
Ky X k1(X1-X2)
T k1 (X2-X1)

+“—0

CX1

Figure C-2.
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The equations of motion are

k1(X1-%2) —koxp +F(t) =0 (C-1)
(kg +ko)xo —kgxg = F(t) (C-2)
cx1 +ki(x1-x2)=0 (C-3)

Solve for xo using Equation (C-2).

F(t) kq

= + X C-4

ky + Ko {k1+k2 1 (C-4)
By substitution,

cX1 +ki(X1-x2)=0 (C-5)
. F(t) k]_

cXq +kq| xq - - X1 =0 C-6
1 1( Yk vk [k“kJ 1} (C-6)
. kq kq

cX1+kq|1- X1 - F(t)=0 C-7
. 1( {kﬁkzD . [k1+k2j W (©7)

cxq k| KLtK2 =KL [ KL ey g (C-8)
ki +ko k1 +ko
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oxg +| KLK2 e oKL e
kl + kz kl + k2
Take the Laplace transform.

. ki ko B kq
L{cx1+(k1 Ko jxl} = L{[lir k2jF(t)}

B ky ko [ ke
csX1(s)—cx1(0) +(k1+k2 Jxl(s)—(k1+k2]F(s)

ki k
(cs+(k11+ k22 Dxl(s) =F(s) +cx1(0)

F(s) +cx1(0)

cos| Kik2
ki +Kko

X1(s) =

Recall

(kg + ko )xo —kyxq = F(t)

(C-9)

(C-10)

(C-11)

(C-12)

(C-13)

(C-14)
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Take the Laplace transform.

Li(ky +ko)x2 —kixq = L{F(t)} (C-15)
(kg +k2)X2(s) —kq X1(s) = F(s) (C-16)
(kg +k2) X2(s) = F(s) + kg X1(5) (C-17)
(ky + Ko )Xo (5) = F(s) + kg 4 &) 7 €X10) (C-18)

ky k2
CS+| —————
(k1+k2 ]
3 kq F(s) +cx1(0) )
Xo(s) = (k1+k2)F(s)+(k1+k2) ( ks ] (C-19)
CS+| ————
k1 +ko
1 kq F(s) Kq cx1(0)
Xo(s)=————F(s
2 (k1+k2) ()+(k1+k2) CS+( k]_k2 J +(k1+k2) CS+[ k1k2 J
k1+k2 k1+k2

(C-20)

15



1 k 1 k cx1(0
X2(8) = (k+kp)  (k +1k ) ky K F(S)+(k +1k ) i(k)
1+K2 14K2) | o[ K1K2 17R2)1 | K1K2
k1+k2 k1+k2
(C-21)
X2l =(, ik e il k FE* tlk ) Cxi(olz
1tK2 cst 1K2 17R2 cs4| 172
k1+k2 k1+k2
(C-22)
Now assume the initial displacement is zero.
1 Kq
Xo(s) = 1+ F(s) (C-23)
kq +k
(kg +k2) st k1ko
k1+k2
The receptance in the Laplace domain is
X
20)_ 1 | Kt (C-24)

+
Fs) (kg +kp) csa| Kiko
k1+k2
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Xz(S): 1 N kl
F(s) (kg +ko) |c(kg+ko)s+kyko

Xo(s) c(ky+ko)s+kyky+ky(ky+kp)

FS)  c(kq+kp)?s+kyKo(ky+Kko)

Xz(S)_ C(k1+k2)5+k1(k1+2k2)
FS)  c(ky+Kky)Ps+kyko(ky+kp)

The dynamic stiffness in the Laplace domain is

Fs)  clky+kp)?s+kyko(ky +kp)
Xa(s)  clkg +ko)s+ky(ky +2kp)

The initial value problem for the free response is

_ Kk cx1(0)
XZ(S)_(k1+k2) o[ Kako
k1 +ko

X2(s)=( K1 x1(0)

ka+ka)| 1 kika
C k1+k2

(C-25)

(C-26)

(C-27)

(C-28)

(C-29)

(C-30)
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The inverse Laplace transform yields the time domain response.
Kk 1( kpk
X2(1) =x1(0) | % — oy —| 2t
1+ko cl ky+ko

(k1 +ko)x2 —kgxg =0

kgxy = (kg +k2)x2

k1 +k
o[

x1(0)=x1(0) & {— %(%Jt}

(C-31)

(C-32)

(C-33)

(C-34)

(C-35)
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APPENDIX D

Consider the following two-degree-of-freedom system subjected to an applied force.

Ky X k1(X1-X2)

T Ky (X2-X1)

+“—0

CX1

Figure D-2.



The equations of motion are

mXo = F(t) +K1(X1 -X2) —koXo
mXo +(k1 + k2)X2 —k1x1 =F(t)

cX1 +ki(x1-x2)=0
Take the Laplace transform of equation (D-2).
L{mso + (kg + ko )x2 —kgxg J= L{F(1)}
ms? X () ~mxX(0) ~ms x2(0) + (kg + k2 )X2(s) ~ kg Xq ()= F(5)

{ms2 + (kg + k2)>X2(s) —k1X1(s)= F(s) + mx 5 (0) + ms x5 (0)

Take the Laplace transform of equation (D-3).
L{cxy +kq(x1-x2)}=0
csX1(s) —cx1(0) +k1 X1(s) —ko Xo(s)=0

{es+kq X1(s) —ka X2(s) =cx1(0)

Consider equations (D-6) and (D-9) for the case of zero initial conditions.

{ms2 +(kq + kz)}xz(s) —kqX1(s)=F(s)

(D-1)
(D-2)

(D-3)

(D-4)

(D-5)

(D-6)

(D-7)

(D-8)

(D-9)

(D-10)
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{cs+kq JXq(s) —kp X2(s) =0

{es+kq X1(5) = ko X2(9)

X1(9) = LskkaXZ(S)

CS+k1

[ms2 +(kq + kz)]xz(s) - kl{ K2 }Xz(s) =F(s)

{[msz +(kq + kz)]— {%} } X (s) = F(s)

F(s)

[ 2 kiky
ms k1 +k ]—
+( 1T 2) Ls+kj

Xa(s) =

The receptance in the Laplace domain is

Xo(s) 1

O [mst b} 2 |
1

The initial value problem for the free response is

mXo +(k1+k2)X2 —ki1x1=0

cX1 +kq(x1-x2)=0

(D-11)

(D-12)

(D-13)

(D-14)

(D-15)

(D-16)

(D-17)

(D-18)

(D-19)
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The corresponding Laplace transforms are

{ms2 +(kq + kg)}xz(s) —k1X1(s)=mxX5(0) + msx»(0) (D-20)

{es+kq JX1(s) —k2 X2(s) =cx1(0) (D-21)

Xy () = ko X5 (s)+cx1(0) (0-22)
cs+kq

[m52+(k1+k2)]xz(s)—kl{k2XZC(Slerkixl(O)}=m>'<2(0)+msx2(0)

(D-23)

keko 0

[ms +(ky + k) ]Xz(s) { S+ka (s)—k {Csl(kﬂ M X5 (0) + msx2(0)

(D-24)

kek ky x1(0

{[msz+(k1+k2)]—{csl+i1}x2(s)=m>'<2(0)+msx2(0)+{ccifx1k(l)}

(D-25)

“ms2 +(kq + kZ)J[cs +kq]-kiko })(2(5) -
m(cs +kyp)X2(0) +ms(cs +kyp )x2(0) +ckq x1(0)

(D-26)
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X2(s) =

Xo(s) =

X2(s) =

Xo(s) =

X2 (s) =

Xa(s) =

m(cs+kg X2 (0) + ms(cs + kq )x2(0) +ckq x1(0)
[msz + (kl + kz)J[CS + kl]_klkZ

(mes+mkyg )Xo (0) + (mcrs2 + mskl)xz(Q) +ckyq x1(0)
Ims2+ (ky + kg )Es+ ms? + (ky + k )kg —kako

mcsXo (0)+ mkyxo (0) + mcsZXZ(O) +mskqx2(0) +ckq x1(0)

mcs3+c(k1 + k2)3+mk132 +(k1 + k2)kl —k1k2

mcszxz(O) +mskiXx2(0) + mecsxo (0)+mkqxo(0) +ckq X1 (0)

mcsS +mky s +c(ky + ko) +kq2

mcs?x5 (0) +[kyx2(0) + ¢ X2 (0) m s+ mkyx2 (0) +¢kq X1 (0)

mcs3+mk152 +C(k1+k2)S+k12

2 kg : 1, 1
S x2(0)+{ c x2(0)+x2(0)}s+k1[cx2(0)+mxl(O)}

2
p [l ),
C m mc

(D-27)

(D-28)

(D-29)

(D-30)

(D-31)

(D-32)
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APPENDIX E

Consider the following two-degree-of-freedom system subjected to base excitation.

Figure E-1.

B
m

I T k1(X1-X2)
kply)
I Ky (X2-X1)
)

Figure E-2.
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mXp =Ky (X1 -x2) —ka(x2 —y) (E-1)

Mm% +ky (X2 -x1) +ka(x2 —y)=0 (E-2)
c(x1 —y)+ky(xg-x2)=0 (E-3)
Let
Z1=X1-Y (E-4)
Zp =X~y (E-5)
21-29 =X1-X2 (E-6)
By substitution,
mZzos +Kkq(zo-21)+kozo =—my (E-7)
mzy +(ky +ko)zp -kqzg = —my (E-8)
cz1+kq(z1-22)=0 (E-9)

Take the Laplace transform of equation (E-2).

L{m Zo+ (kl + k2 )22 - klzl }: —L{my} (E-10)
ms? Z5(s) —Mz2(0) —ms 2 (0) + (kg + K2 )Z2 (s) — Z1X1(s)= —mY(s) (E-11)
{ms2 +(kq + k2)>zz(s) —kqZ4(s)= mz5(0) + msz(0) (E-12)
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Take the Laplace transform of equation (E-3).

L{czg +kq(z1-22)}=0

€sZ1(S)—cz1(0) +kq Z1(s) —kp Z(s)=0

{es+ky JZ1(s) —kp Za(s) =c2z1(0)

Consider equations (E-6) and (E-9) for the case of zero initial conditions.

{ms2 +(kq + kz)}zz(s) —KqZ1(s)=-mY(s)
{cs+kq JZ1(s) —kp Z(s) =0

{es+kq }Z1(s) = k2 Z5(s)

216) = Lskfkag(s)

k A
[ms,2 +(kq + kz)]Zz(s) - les fdzz(s) ——mY(s)

{[ms2 +(kq + kz)]— {%} } Z5(s) =-mY(s)

(E-13)

(E-14)

(E-15)

(E-16)

(E-17)

(E-18)

(E-19)

(E-20)

(E-21)
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—mY(s)

2 kiky
ms k1 +k ]—
[ +( ¥ 2) Ls+k1}

Z)(s)=

The relative acceleration 22(3) IS

Z5(s)=5°2Z,
. ~ms2¥(s)
Z3(s) = 5 Kk
[ms +(k1+k2)]— ok
1
S —ms?Y(s) .
X2(s) = , ik +Y(s)
[ms +(k1+k2)]— cs+ K
1
A _m52 -
X5 (s) = +1:Y(s)
[m52+(k1+k2)]—L:1fE }
1
X2(8) _ —ms? 1
k1k
O |t H

(E-22)

(E-23)

(E-24)

(E-25)

(E-26)

(E-27)
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