THE STATE SPACE METHOD FOR SOLVING SHOCK AND VIBRATION
PROBLEMS Revision A

By Tom Irvine
Email: tomirvine@aol.com

February 24, 2005

State Space Model

The state space method is used to transform a single second-order ordinary differential
equation (ODE) into two first-order equations.

It is particularly useful for the numerical solution of vibration problems, including non-
linear problems.

Free Vibration

The governing second-order ODE for a single-degree-of-freedom subjected to free
vibration is

K+ 2800, X + W2 x = 0 (A-1)
Equation (A-1) is taken from Reference 1.

Let
X] =X (A-2)

X2 =X] (A-3)

By substitution,

X9 +28w, X2 +(,0§X1 =0 (A-4)



The resulting pairs are

X1= X2

Xp = =28y X2 _OJI%XI

The pair of equations can be expressed in matrix form as
{ X1 } 0 1 { X1 }
.| = 2
X2 | [~®n ~28wn X2
Take the Laplace transform of each equation.

$X1(5) = x1(0) =X2(5)

$X2(5) -x2(0) = ~ay X1 (5) - 28, X2(5)
Rearrange,

sX1(s) ~X2(s) =x1(0)

[s +28wn] X2(5) + 02X (5) = x2(0)

Reassemble in matrix form.

s -1 X1 | _| x1(0)
of s+28wn | X2 | x2(0)

(A-5)

(A-6)

(A-7)

(A-8)

(A-9)

(A-10)

(A-11)

(A-12)



The determinant of the coefficient matrix is

det| ° R BT A-13
© cor% s + 28wy -S ©ns ¥ 0n (A-13)

Solve for X using Cramer’s method.

_ 1 x1(0) -1
X1 = 5 pde { } (A-14)
Zastes il | (X200 s+2Ey
X () = 8200 X1 ) X200 A1)
52 +28Wps + Wy
Recall that
X] =X (A-16)
Thus
XG5 = %(0) +{s +2&0,} x(0) i
. sz+2E(a)ns+(Jon2 (A1)



The inverse Laplace transform is

W

xm:exp(—awnt){[x<o>]cos(wdt){"‘<°>*(Ewn)’“(”}m(wdt)}, <1

(A-18)

where

Wy = Wy1- & (A-19)

Base Excitation

The relative displacement for a single-degree-of-freedom system subjected to base
excitation is

7+28w, 2+ W, %z = (B-1)

Equation (B-1) is taken from Reference 2.

Let the base excitation be a sinusoidal function.

7+ 28Wpz + Wy “z = —Asin(at) (B-2)
Let
z|=z (B-3)
zp =71 (B-4)
By substitution,
. 2 _ :
7o +28wy 29 + Wy z] = —Asin(owt) (B-5)



The resulting pairs are

z1=12)

72y = -28wnz) — (,or%zl —Asin((,ot)
The pair of equations can be expressed in matrix form as
; 1
AR I
) -—w, —2&wy ||z2 —Asm((,ot)

Take the Laplace transform of each equation.

sZ1(s) —21(0) =Z2(s)

SZ(5) ~72(0) = — WE Z1(5) ~ 2800 22 (5) -

82+(,02
Rearrange,
SZ1(5) = Z2(s)= 1 (0)
2 _ Aw
[s +280n] Z25) + w0y Z1(5) = 22(0) -~
sT+tWw

Reassemble in matrix form.

s -1z 21(0)
2 = Aw
Lon s+2EwJ{ZJ 22(0) - > 3

ST +W

(B-6)

(B-7)

(B-8)

(B-9)

(B-10)

(B-11)

(B-12)

(B-13)



The determinant of the coefficient matrix is

det| * N R
e wr% <+ 20 =5 Wy s + 0y

Solve for Z| using Cramer’s method.

| z1(0) -1

7] = det
0)- +2
s2+2Ewns+w§ 22(0) 52+(,02 s +28wn

A .
(5 + 2800 )21 (0) +22.(0)- =
— ST +W
Z1(s) = 5
52 +28wps + Wy
Zl(s):(s+2zwn)z1(0)+z22(0) ) Aw
s2 +28wps + Wy [sz +w2}[s2 +2Ewns+corﬂ
Recall that
Z] =z
Thus
2(s)= 812 )10 +22(0) A

52 +2§wns+w§ [sz +(,02}[52 +2Ewns+corﬂ

(B-14)

(B-15)

(B-16)

(B-17)

(B-18)

(B-19)



The inverse Laplace transform is

200 = expl-Ean1) {[zm)]cos(wdt){i(‘)’*(Ewn)“‘”}m(wdt)}

W

A

Ere Gt
W™ —w, | +(2¢wwy,

A—m[exp(— Ewnt)]
_ ©d (28 Wy 0og )cos(wgt) +| w? — [ 1-282 | |sin(wogt)
{(wz - wgf + (28 woop )2}

for &<1

(B-20)
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