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Introduction

Consider athin, tapered rod.
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Figure 1.

E isthe modulus of elasticity
isthe length
Ao isthecross-sectionareaat x =0
A| isthecross-section areaat x = L
m Is the mass per length

p IS the mass per volume




The product of the elastic modulus and areaiis

ea = {aofi- [+ ]

EA(X) = E{AO"'%(AL -Ao) }

EA(X) = EAQ {1+%(§_:—1J }

Let
o :A_L_l
Ao
EA(x):EAo{1+cx— }
Similarly

m(x):pA0{1+a% }

The longitudinal displacement u(x, t) is governed by the equation

) aul_ ., 8%
&[EA(X)&} = m(X)F

This equation is taken from Reference 1.

Separate the variables. Let

u(x,t) = U(x)T(t)
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Substitute equation (8) into (7).

i[&(x)i[U(x)T(t)ﬂ = i[m(X)U(X)T(t)]
ox ox ot?

Perform the partia differentiation.
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T(1) &[EA(x)&[U(x)T(t)]} =[mE)U(x) at_ZT(t)

Divide through by U(X)T(t).
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Each side of equation (11) must equal a constant. Let wbe a constant.
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Change the partial derivativesto ordinary derivatives
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The spatial equation is

L E[EA(X)EU(X)} = —w?
m(x)U(x)| dx dx
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1 d?

L9 1 = 15
a2 o
d { d } 2 _
—/| EA(X)—U(X) | +wm(x)U(x) =0 (16)
dx dx
2
{EA(x)d—z U(x)} {d EA(X)}[ d U(x)} +w?m(x)U(x) = 0 (17)
dx d
Recall
EA(x)=EA0{1+0(%} (18)
m(x):pA0{1+a% } (29

2
EAO{l +0(E }iU(x) {dd EAo{l 0(% H[d—iU(x)}

+W pA0{1+aI }U(x) 0

(20)

2
E{l +a1 }d—U(x) + E{ d {1 +a1 H{iu(x)}
dx 2 dx L dx

+c02p {1 +a% }U(x) =0
(21)
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d?U _ o2 d?u
27,2 4.2 (32)
dx L dv
2 2 2 2
O‘Zvdzu +°‘—21u +°°—2vu=o 33)
L dv L= av c
2 2
vI U+ 9y (9 vu=o (34)
dv? dv ca
2 2
vzd—zu s vady +(°°—Lj vZu=o0 (35)
dv dv ca
ca
2 d? d 2.2
vie—U + v—U + B veU=0 (37)
2
dv dv
2
VI ysvlu s (gvPu=o (39)
dv2 dv
2
29y v 9y + (Bv)2U=0 (39)
dv2 dv



Let

z=Bv (40)
v :é (41)

dv :% dz (42)
&3 (@3)
Z=p (49
Su=p (46)

@2 :gg[gg } (47)
dv2  dvdz|dvdz
2
d d|,d
—U=B—|B—U 48
2 B dz[B & } (48)
2 2
d d<u
—u =32_2 (49)
dv dz



2 ,d?U  z_du

z 2

—B— + =B— +2z°U=0

B2 d2 B dz

2d2U du 2

z2-—— + z— +2z2°U=0
d22 dz

The solution is a Bessdl function of order zero.

U(z)= B1 Jo(2) +B, Y((2)

d

U@ = 2B 04@ -2

+B, [Y1(2) - V12

B, and B, areconstant coefficients.

The Bessd functions are

(x/2)? .\ (x/2)* (x/2)° .\

@ @7 @

Jo(X) =1-

Y. (%) :%{(m%mj Jo(x)+%J2(x)—§J4(x)+§J6(x) _ }

where C =0.577 215 665
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00 (_ 1)k (X / 2)2k+n

““(X):EO kiT(k+1+n) (56)
_lim n* nl
0= oo{x(x+1)(x+2)...(x+n)} 50

The eigenvalues are calculated by applying the boundary conditions. A special caseis
considered in Appendix A.



APPENDIX A

Specia Case: Fixed-Free Rod with A| =0

PNANANANANANAN

Figure A-1.
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= By Jp(2) +B, Y((2)

V@)= 5B 04@ 31

+%Bz [Y—l(z) - Y1(Z)]
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Consider afixed-free rod such that

U(x=0)=0
d
—U |y= = 0
dx |X_L
Z(X:O): —il_
C

Note that

Furthermore, Yq(x) isundefined for x < 0.

Thus,
BZ =0
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U(z)= B; Jo(2)

d

TU@= 5B @ -0

J1(2)=-2J,(2)

d
LU@= -B 3,00
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BESSEL FUNCTION Jo(X)
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Figure A-1.

Table A-1. Roots
Root Value
1 2.404826
2 5.520078
3 8.653728

Thus,

W = 2404826 —‘L: (A-24)
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