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Introduction

Consider the single-degree-of-freedom system in Figure 1.

where
m is the mass
c is the viscous damping coefficient
k is the stiffness

x is the absolute displacement of the mass
y is the base input displacement

A free-body diagram is shown in Figure 2.
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Summation of forces in the vertical direction

> F= mk

mX =c(y— %)+ k(y—x)

Letz=x—-y (relative displacement)

z=%-y
i=%—§
K=7+7§

Substituting the relative displacement terms into equation (2) yields

m(Z+Vy)=-cz—kz

mz+cz+kz=—-my

Dividing through by mass yields
Zi+(c/m)z+(k/m)z=-§
By convention,

(c/m)=2Ew,
(k/m) = 0,2

where @, is the natural frequency in (radians/sec), and § is the damping ratio.

Substitute the convention terms into equation (5).

i+280,2+ 0,2z =—§
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Terminal Sawtooth Pulse

Consider the pulse given by equation (7).

y(O) =

The equation of motion becomes

Now take the Laplace transform.

L{i+ 2,7+ O z} —L{-AUT}

s27(s) —s2(0) — 2(0)
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+ 0,2 Z(s) =
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b2+ 260+ 0y o)+ 12000+ 5260, 1) = 2/
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Z(s) = 20)+{s + 28 J2(0) | |A/T 1
T s2+2§co S+ 0 2 2 2 2
ns + ®p S $“ +2Emps + O

Let
2(s)=2Zn(s)+Zs(s)

where

s2+2§wns+wn2

A/T 1
Zf(s) = —{ }
s2 {s2+2€,wns+0)n2}

2 - {1(0) + s+ 28w, }Z(O)}

Consider the denominator term,
2 2 2 2 2
s“+28w,s+ 0, :@+&wﬂ +o, —@wn)

s2+2gmns+mn2=(&+§wnf-rwn2@—§2)

Now define the damped natural frequency,

g =0,y1-&

Substitute equation (19) into (18),

2 .

52+2§c0ns+0)n =(s+E&w,

Substitute equation (20) into (16).

Z.()= 2(0)+{s + 22§oan }zéO)
(S +8&my ) + 04
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Rearrange the terms into a convenient format prior to the inverse Laplace transform.

7 (=1 8TE0 )20 || 20)+ (€0 J2(0) @)
! (S"‘g(’)n )2 +(’)d2 (S"‘g(’)n )2 +(’3d2
2(0) +(Eon J2(O) |
(s + Ewp )2(0) g 4
Zn(s) = RN > (23)
(S‘Ht:(’)n) +0qg (S‘Ht:(’)n) +0g

Take the inverse Laplace transform using Reference 1.

zy, (t) = 2(0) exp(—Emy t)cos(mgt) + {i(O) hl (j;mn )Z(O)}exp(— Ewpt)sin(mgt)  (24)
d
z,(t) = exp(— ﬁ(ont){z(O) cos((odt) + {2(0) al (&mn )Z(O)} sin(mdt)} (25)
OX]

Take the first derivative to determine the relative velocity.

7, (1) = —Ewp exp(— &mnt){z(O) cos(ogt)+ {i(O) +(Bo J2(0) } sin(mdt)}

F|
+exp(— Ewy - 0g2(0)sin(wgt) +{2(0) + (Eo, )z(0) feos(wgt)}

(26)
2 (1) = expl= éwnt){— Eon2(0) cos(wgt) — Eop {i(o) * (O‘EZ’“ )Z(O)}Sin(mdt)}
+exp(= &0 - 0gz(0)sin(wgt) + {2(0) + (Eop )z(0)feos(wgt)}
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in(t) =
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)+2(0) + (Eo

z(0

- émn

offf

(_ émn

exp

- - - )
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25 (1) = exp(~ Eo, t2(0) cos(wgt)}

+expl(— émnt){mi% 0, 22(0) - éo;)nZ(O)}sin((odt)}
d
. . 1 {7 2 . } .
7y (1) = exp(= Em, t)] 2(0) cos(codt)+a ©,~2(0) — Emy 2(0) fsin(wgt)

Z (1) = exp(— éwnt){zw) cos(wdt)+$—z{— ®,z(0) — &zw)}sin(wdt)}

Take the second derivative to determine the acceleration.

in (t) = —Eop exp(- &wnt){z«)) COS(‘”dt)"‘z_z{_ ®,2(0) — E,z<0)}sin(wdt)}

+exp(— &y t - 042(0) sin(ogt)+ o, - ©,2(0) — & 2(0) fcos(ogt)}

2
7n (1) = exp(- &wnt){— Ewnz(0) cos(wdt)—%{— ®,2(0) — & 2(0)}sin(wgt)

+exp(— Eopt f- 0g2(0) sin(ogt)+ o, {- 0,2(0) — £ 2(0) }cos(wgt )}
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70 (1) = exp(—E@p - Ewp2(0) + @ - ©,2(0) — € 2(0) eos(wgt)

2
+expl(- &wnt){— ®42(0) - é";“ - 0,2(0) - §z<0)}} sin(ogt)
d
(33)
in (1) = — oy exp(- &, tHoy 2(0) + 2§ 2(0)feos(wgt)
- w—:exp(— Eont)l 0422(0) — £0y 2 0y 7(0) ~ £ 5(0)}in(ogt)
(39)
Zn (1) = — o exp(-Eop oy 2(0) + 2§ 2(0)feos(mg )
+wiexp(— gmnt)é ©q22(0) +Ewpy 32(0) + 20y 2 Z(O)}sin(mdt)
d
(40)
Zn (1) = — op exp(- &y thwy 2(0) + 2§ 2(0)}eos(wgt)
+ miexp(— émnt){— mnz(l - ézji(O) +E0,32(0) + E2 00 2 Z(O)}sin((odt)
d
41)
7n (1) = —0p exp(—Eop t o, z(0) + 2 2(0) }cos(ogt)
2
+ ";;1 expl(— émnt){— (1 - E,ZJZ(O) +Ewp 2(0) + £2 2(0)} sin(ogt)
d
(42)

7p (1) = —0p exp(—Eop t o, z(0) + 2€ 2(0) fcos(wgt)
2
O oxp(- gmnt){émnzm) 4 (— 1+ 2§2j 2(0)} sin(ogt)

©d

+

(43)



in (1) = — oy exp(- &op tHop 2(0) + 2§ 2(0) feos(wgt)

W,

o exp(— E,wnt){— Ew,,z(0) + (1 — 282 )Z(O)}sin(wdt)

(44)

in(t) =

2
—exp(-Eop t){wn [0,,2(0) + 2& 2(0)|cos(gt) + ‘”L[— Eop z(0) + (1 _ o2 ) z(o)} sin(wdt)}
0N

(45)
in(H)=

— oy exp(—Emy t){[(x)nz(O) +2E 2(0)]cos(mgt) + 2—2[— Ewpz(0) + (1 - 2&2)2(0)} sin((x)dt)}

(46)

Recall equation (16).

A/T
Zs () :_{ /2 H . 1 2} 47)
s $° +2Emps + Oy

Expand into partial fractions using Appendix A.

1 1 1 |[-as+B] |1 ||as+aZ-B
Ay v zoas+bl J 1 [jas+a” -~ p (48)
el el )
o =280, (49)

B =02 (50)



Z£(s) = —{A/TH_ Zi(l)ns + (Dnz + zi(l)ns + (Zg(l)n )2 - mnz} 1)

s s2 +2§(:l)ns+(on2

2
Zf(s):_{A/gH—zgs; Wy +2§;+(2§) Wy — g;n} )
Op S $° +2Emps + 0y
20 —
zf(@__{A_/gHﬁm_;gay(za) on g’} .
Op S S s° +2Ewps + oy

s2 4+ 2E0ys + o 2 = (s +Emp )2 + mg2 (54)
2 o —

76 (s) = — A’g ﬁ+m_§+2§8+(2§) on 2%} 55
®p S s (s+Em, )” +ag

2
Z ()= AT =% On +2§S+wn[(2é) | (56)
! 0y S 52 (s+Ewp)? + g2
S+ {(2&)— 1}
S JAITYZ2 Oy - % (57)
“r e {wn3} S +52 +2l (s+Eop ) + 042
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s+ 201 (0g)2 -1
A/T||-2§ +C°n +[2§] 2é[ } (58)
wn3 S s2 (s +E&op )? +°°d2

’ (59)
wn3 ' 52 bl (s +&wn) +°°d2
28wy 5 s+ 2&mp - O
s2 g[(s+&o)n)2+03(12]+[(S+§®n)2JrOsz”
(60)
-2t o, 5 s+ 28wy, — Op
s 52 ' <t°[(Hé(ﬂn)z+(Dd2]+[(s+é(”n)2“’)dzH
(61)
_2E wy 2% s+Emp N 2620 - op
S g2 (s+Emp) +0)d2 (s+&wp) +03d2
(62)
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oo JAT=26 1 | 2% s+&wp 28?2 - 1
Zf( ) {O)HZ}{ (l)ns +82 +{mn:|!(s+&wn)2+wd2]+!(s+&mn)2+md2:l}

(64)
A/T|| 26 1 [o2¢ s+Eop 2621
2 = s 2 2. 2| 2. 2
o,” || PnS s= [On ]| (s+E&o, )" +0g (s+Emy )~ +ag
(65)
Take the inverse Laplace transform using Reference 1. The relative displacement is
zf (1) = L{g —t —exp(- &mnt){gcos(wdtHL(Z&z - 1) sin(oadt)} }
0)n2T On W 2|
(66)
z, (1) = exp(— émnt){z(O) cos(codt) + {Z(O) hl (E,O)n )Z(O)} sin(mdt)} (67)
Wq
The total relative displacement is
z(t) = exp(— ﬁmnt){z(O) cos(mwgt)+ {2(0) + (8o J2(0) } sin(mdt)}
2|
+ A {é —t —exp(- émnt){écos(mdtHL(xz - 1) sin(codt)} },
conzT Op ©p 0|
0<t<T
(68)
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The relative velocity is

2(t) = expl- &mnt){Z(O) cos(mgt)+ %{— 0, 7(0) &Z(O)}sin(wdt)}
d

+ A2 {E"mn exp(_émnt){i_écos(mdt)"'i(zgz - I)Sin(wdt)} }

o, T n |

+ A {— exp(— éwnt)[_zi&sin(wdt)+(2§2 - 1) cos(wdt)} }

(DnzT n

0<t<T

(69)

Note the previously derived relative velocity natural response term was applied in the
derivation of equation (69) for simplicity.
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The relative acceleration is

7(t) = —wy exp(—Ewy t fo, z(0) + 2E 2(0) }cos(mgt)
2
- ":;1 exp(- émnt)% Ew,z(0) + (1 — 282 )Z(O)}sin(mdt)
d

Ew,, exp(- ﬁmnt){i—gcos(mdt)+i(2§2 - 1)sin(mdt)} }

n Q%]

— exp(- émnt){_2§A8m(®dt)Jr (2§2 - 1)005("3&)} }

Ewp, exp(— &mnt)[_wza sin(wdt)+é(2§2 - 1) cos(wdt)} }

0<t<T

(70)

Note the previously derived relative acceleration natural response term was applied in the
derivation of equation (70) for simplicity.
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The absolute acceleration is

K(t) = — 0y exp(— &y, tHop z(0) + 28 2(0) feos(wgt)
2
- ":;“ exp(— ﬁmnt){f Ew,z(0) + (1 — 22 )Z(O)}sin(wdt)
d

Ew,, exp(- ﬁmnt){i—écos(mdtHL(ﬁz - l)sin(mdt)} }

n Q%]

— exp(- &mnt){_zjwd Sin(wdt)+(2§2 - 1)005(mdt)} }

2 sin(wdt)+L(2§2 — 1)c0s(0)dt)} }

QO Q%]

T

—exp(—ﬁmnt){_zimd Cos(mdt)_(zg2- 1)sin(oodt)” +A(ij,

0<t<T
(71)
The solution for t > T is the free vibration solution referenced to time T.
As an aside, recall
542802 + 0y 2z = (1) 0<t<T
(72)
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7 = —j(t)— 280, 2 — 0 22

Also,

X=Z+Yy

Substitute equation (73) into (74).

K =—2Em,7— 0,27

Equation (80) is simple for computer programming purposes.

(73)

(74)

(75)

Note that equation (75) is valid for both the base excitation duration and the free

vibration duration.
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APPENDIX A

Partial Fraction Expansion

{i} 1 B as+b+ cs+d
s2 52+0cs+B s2 s2+ocs+[3

1= [as+b][s2+ocs+B} + [cs+d][sz}

1= [as3 +aos2 +aﬁs} +[bs2 +bocs+bﬁ}+ [cs3 +dsz}

1=

SO ™ R =

S O O =

=™ R = O

=™ R = O

[a +ck +[act+ b+ d]sZ + [aB + boks + bB

o o o =
S O = O
o o o ®
- o O O

|
=)
S O = O
o o o W
- o O O
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1 0 1 0ffa] [0

0B 0 0fb] |1

0 o -B Oflc| |0

0 1 —o 1]/d] |0

10 1 o0]fa] [O

01 0 0fb| |1/

0 1 —B/a Oflc| | O

01 -o 1]d| |0

10 1 0]a 0

01 0 ofb] |1/B

0 0 —B/a Oflc| [-1/P

00 -o 1]d| [-1B
101 0 Ja 0
010 0 |b] | 1B
001 0 |c| |osp?

00 1 —1/al|d| [1/(ap)
100 0 Ja ~a/p?
010 0 |b]_ 1/B
001 0 |c| a/p?
00 0 —1/a|d —[OL/BZ]+[1/(OLB)]
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S = O O
- o O O
o o o o

S O O =
S O = O

S O O =
S O = O
S = O O
- O O O
o o o ®

o O O =
oS O = O
o o o &
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