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Introduction 

 

Consider the single-degree-of-freedom system in Figure 1. 

 
 

 

 

 

 

 

 

 

 

Figure 1. 
 

where  

 

m is the mass 

c is the viscous damping coefficient 

k is the stiffness 

x is the absolute displacement of the mass 

y is the base input displacement 
 

 

A free-body diagram is shown in Figure 2. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

Figure 2. 
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Summation of forces in the vertical direction 

 

F mx=∑ &&                                                                                           (1) 

 

mx c y x k y x&& ( & & ) ( )= − + −                                                                                    (2) 
 

Let z x y relative displacement

z x y

z x y

x z y

= −

= −

= −

= +

( )

& & &

&& && &&

&& && &&

 

Substituting the relative displacement terms into equation (2) yields 

 

m z y cz kz(&& &&) &+ = − −                                                                             (3) 
 

ymkzzczm &&&&& −=++                                                                             (4) 

 

Dividing through by mass yields 

 

&& ( / )& ( / ) &&z c m z k m z y+ + = −                                                          (5) 

 

By convention, 

 

2
n

n

)m/k(

2)m/c(

ω=

ξω=

 

where  nω  is the natural frequency in (radians/sec), and ξ is the damping ratio. 

 

Substitute the convention terms into equation (5). 
 

&& & &&z z z yn n+ + = −2 2ξω ω                                                                     (6) 
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Terminal Sawtooth Pulse 

 

Consider the pulse given by equation (7). 

       

        

 

 

(7) 

 

The equation of motion becomes  

 

Tt0,
T

t
Az2

nzn2z ≤≤







−=ω+ξω+ &&&                                         (8) 

 

 

 

Now take the Laplace transform. 

 

{ }T/AtLz
2
nzn2zL −=







 ω+ωξ+ &&&                                                                        (9) 

 
 

2s

T/A
)s(Z2

n

)0(zn2)s(Zsn2

)0(z)0(zs)s(Z2s

−
=ω+

ωξ−ωξ+

−− &

                                                                                            (10) 

 

 

{ } { } { }
2s

T/A
)0(zn2s)0(z1)s(Z2

nsn2
2

s
−

=ωξ−−+−+ω+ωξ+ &                           (11)   

 

 

{ } { }
2s

T/A
)0(zn2s)0(z)s(Z2

nsn2
2

s −ωξ++=ω+ωξ+ &                                          (12)     

 

 













>

≤≤








=

Tt,0

Tt0,
T

t
A

)t(y&&
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{ }













ω+ωξ+







−












ω+ωξ+

ωξ++
=

2
nsn22s

1

2s

T/A

2
nsn22s

)0(zn2s)0(z
)s(Z

&
                           (13) 

 

 

 

Let 

 

)s(Z)s(Z)s(Z fn +=                                                                                                           (14) 

 

where 

{ }













ω+ωξ+

ωξ++
=

2
nn

2
n

n
s2s

)0(z2s)0(z
)s(Z

&
                                                                                     (15) 

 













ω+ωξ+







−=
2

nsn22s

1

2s

T/A
)s(fZ                                                                           (16) 

 

 

 

Consider the denominator term, 

 

( ) ( )s s sn n n n n
2 2 2 2 2

2+ + = + + −ξ ω ω ξ ω ω ξω                                                     (17) 

 

( ) ( )s s sn n n n
2 2 2 2 2

2 1+ + = + + −ξω ω ξω ω ξ                                                           (18) 

 

Now define the damped natural frequency, 

 

ω ω ξd n= −1 2
                                                                                         (19) 

 

Substitute equation (19) into (18), 

 

( ) 2
d

2
ns2

nsn22s ω+ωξ+=ω+ωξ+                                                               (20) 

 

 

Substitute equation (20) into (16). 

 

{ }

( ) 











ω+ωξ+

ωξ++
=

2
d

2
n

n
n

s

)0(z2s)0(z
)s(Z

&
                                                                                (21) 
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Rearrange the terms into a convenient format prior to the inverse Laplace transform.  

 
 

( )

( )

( )

( ) 











ω+ωξ+

ωξ+
+













ω+ωξ+

ωξ+
=

2
d

2
n

n
2

d
2

n

n
n

s

)0(z)0(z

s

)0(zs
)s(Z

&
                                            (22)    

 
 

 

( )

( )

( )

( )
























ω+ωξ+

ω








ω

ωξ+

+












ω+ωξ+

ωξ+
=

2
d

2
n

d
d

n

2
d

2
n

n
n

s

)0(z)0(z

s

)0(zs
)s(Z

&

                                      (23) 

 

 

Take the inverse Laplace transform using Reference 1. 

 
 

( ) ( )
( )

( ) ( )tsintexp
)0(z)0(z

tcostexp)0(z)t(z dn
d

n
dnn ωξω−









ω

ωξ+
+ωξω−=

&
         (24) 

 

( ) ( )
( )

( )












ω








ω

ωξ+
+ωξω−= tsin

)0(z)0(z
tcos)0(ztexp)t(z d

d

n
dnn

&
                        (25) 

 

 

Take the first derivative to determine the relative velocity. 

 

 

( ) ( )
( )

( )

( ) ( ) ( ){ } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin
)0(z)0(z

tcos)0(ztexp)t(z

dnddn

d
d

n
dnnn

ωωξ++ωω−ξω−+













ω








ω

ωξ+
+ωξω−ξω−=

&

&
&

                                  

 

(26) 

 

 

( ) ( )
( )

( )

( ) ( ) ( ){ } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin
)0(z)0(z

tcos)0(ztexp)t(z

dnddn

d
d

n
ndnnn

ωωξ++ωω−ξω−+













ω








ω

ωξ+
ξω−ωξω−ξω−=

&

&
&

                                  

 

(27) 
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( ) ( ){ } ( ){ }

( ) ( ) ( )












ω





















ω

ωξ+
ξω−ω−ξω−+

ωωξ++ξω−ξω−

=

tsin
)0(z)0(z

)0(ztexp

tcos)0(z)0(z)0(ztexp

)t(z

d
d

n
ndn

dnnn

n

&

&

&

                                  

 

(28) 

 

 

( ) ( ){ }

( ) ( )[ ]{ } ( )








ωωξ+ξω−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z
1

texp

tcos)0(ztexp)t(z

dnn
2

d
d

n

dnn

&

&&

                                  

(29) 

 

 

( ) ( ){ }

( ) ( ){ } ( )








ωωξ−ξω−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z
1

texp

tcos)0(ztexp)t(z

d
2

nn
2

d
d

n

dnn

&

&&

                                  

(30) 

 

( ) ( ){ }

( ) ( ) ( ){ } ( )








ωωξ−ξω−ξ−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z1
1

texp

tcos)0(ztexp)t(z

d
2

nn
22

n
d

n

dnn

&

&&

                                  

(31) 

 

( ) ( ){ }

( ) ( ) ( ){ } ( )








ωωξ−ξω−ωξ+ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z)0(z
1

texp

tcos)0(ztexp)t(z

d
2

nn
2

n
22

n
d

n

dnn

&

&&

                                  

 

(32) 

 

 



 7

( ) ( ){ }

( ) { } ( )








ωξω−ω−
ω

ξω−+

ωξω−=

tsin)0(z)0(z
1

texp

tcos)0(ztexp)t(z

dn
2

n
d

n

dnn

&

&&

                                  

(33) 

 

 

( ) ( ) { } ( )








ωξω−ω−
ω

+ωξω−= tsin)0(z)0(z
1

tcos)0(ztexp)t(z dn
2

n
d

dnn &&&                                   

(34) 

 

 

( ) ( ) { } ( )








ωξ−ω−
ω

ω
+ωξω−= tsin)0(z)0(ztcos)0(ztexp)t(z dn

d

n
dnn &&&                                   

(35) 

 

Take the second derivative to determine the acceleration. 
 

 

( ) ( ) { } ( )

( ) ( ) { } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin)0(z)0(ztcos)0(ztexp)t(z

dnnddn

dn
d

n
dnnn

ωξ−ω−ω+ωω−ξω−+









ωξ−ω−
ω

ω
+ωξω−ξω−=

&&

&&&&
                                  

 

(36) 

 

 

( ) ( ) { } ( )

( ) ( ) { } ( ){ }tcos)0(z)0(ztsin)0(ztexp

tsin)0(z)0(ztcos)0(ztexp)t(z

dnnddn

dn
d

2
n

dnnn

ωξ−ω−ω+ωω−ξω−+













ωξ−ω−
ω

ξω
−ωξω−ξω−=

&&

&&&&
                                  

 

(37) 
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( ) { }{ } ( )

( ) { } ( )tsin)0(z)0(z)0(ztexp

tcos)0(z)0(z)0(ztexp)t(z

dn
d

2
n

dn

dnnnnn

ω












ξ−ω−
ω

ξω
−ω−ξω−+

ωξ−ω−ω+ξω−ξω−=

&&

&&&&

                                  

(38) 

 

( ){ } ( )

( ) { }{ } ( )tsin)0(z)0(z)0(ztexp
1

tcos)0(z2)0(ztexp)t(z

dn
2

n
2

dn
d

dnnnn

ωξ−ω−ξω−ω−ξω−
ω

+

ωξ+ωξω−ω−=

&&

&&&

                                  

 

(39) 

 

 

( ){ } ( )

( ){ } ( )tdsin)0(z2
n

2)0(z3
n)0(z2

dtnexp
d

1

tdcos)0(z2)0(zntnexpn)t(nz

ωωξ+ξω+ω−ξω−
ω

+

ωξ+ωξω−ω−=

&&

&&&

                                  

 

(40) 

 

( ){ } ( )

( ) ( )tdsin)0(z2
n

2)0(z3
n)0(z212

ntnexp
d

1

tdcos)0(z2)0(zntnexpn)t(nz

ω






 ωξ+ξω+





 ξ−ω−ξω−

ω
+

ωξ+ωξω−ω−=

&&

&&&

                                  

 

(41) 

 

( ){ } ( )

( ) ( )tdsin)0(z2)0(zn)0(z21tnexp
d

2
n

tdcos)0(z2)0(zntnexpn)t(nz

ω






 ξ+ξω+





 ξ−−ξω−

ω

ω
+

ωξ+ωξω−ω−=

&&

&&&

                                  

(42) 

 

 

( ){ } ( )

( ) ( )tdsin)0(z221)0(zntnexp
d

2
n

tdcos)0(z2)0(zntnexpn)t(nz

ω













 ξ+−+ξωξω−

ω

ω
+

ωξ+ωξω−ω−=

&

&&&

                                  

 

(43) 
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( ){ } ( )

( ) ( ){ } ( )tsin)0(z21)0(ztexp

tcos)0(z2)0(ztexp)t(z

d
2

nn
d

2
n

dnnnn

ωξ−+ξω−ξω−
ω

ω
−

ωξ+ωξω−ω−=

&

&&&

                                  

(44) 

 

 

( ) [ ] ( ) ( ) ( )












ω










 ξ−+ξω−

ω

ω
+ωξ+ωωξω−−

=

tdsin0z221)0(zn
d

2
ntdcos)0(z2)0(znntnexp

)t(nz

&&

&&

                                  

(45) 

 

( ) [ ] ( ) ( ) ( )








ω










 ξ−+ξω−

ω

ω
+ωξ+ωξω−ω−

=

tdsin0z221)0(zn
d

ntdcos)0(z2)0(zntnexpn

)t(nz

&&

&&

                                  

 

(46) 

 

 

Recall equation (16). 

 













ω+ωξ+











−=
2

nsn22s

1

2s

T/A
)s(fZ                                                                    (47) 

 

 

 

Expand into partial fractions using Appendix A. 

 

 













β+α+

β−α+α













β
+











 β+α−













β
=













β+α+











s2s

2s

2

1

2s

s

2

1

s2s

1

2s

1
                           (48) 

 

 

n2 ωξ=α                                                                                                                (49) 

 

 

2
nω=β                                                                                                                   (50) 
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( )













ω+ωξ+

ω−ωξ+ωξ
+

ω+ωξ−













ω
−=

2
nsn22s

2
n

2
n2sn2

2s

2
nsn2

4
n

T/A
)s(fZ                         (51) 

                                                    
 

 

( )













ω+ωξ+

ω−ωξ+ξ
+

ω+ξ−













ω
−=

2
nsn22s

nn
22s2

2s

ns2

3
n
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)s(fZ                                     (52) 

 

 

 

( )













ω+ωξ+

ω−ωξ+ξ
+

ω
+

ξ−













ω
−=

2
nsn22s

nn
22s2

2s

n

s

2

3
n

T/A
)s(fZ                                      (53) 

 

 

 

( ) 2
d

2
ns2

nsn22s ω+ωξ+=ω+ωξ+                                                        (54) 

 

 

 

 

( )

( ) 











ω+ωξ+

ω−ωξ+ξ
+

ω
+

ξ−













ω
−=

2
d

2
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nn
22s2

2s

n

s

2

3
n

T/A
)s(fZ                                                (55) 

 

 

 

 

( )

( ) 















ω+ωξ+





 −ξω+ξ

+
ω

+
ξ−













ω
−=

2
d

2
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122ns2
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n

s

2

3
n

T/A
)s(fZ                                                (56) 

 

[ ]
( )

( )












































ω+ωξ+










ξ
−ξω+

ξ+
ω

+
ξ−













ω
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2
d

2
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2

1
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2
2s

n

s

2

3
n

T/A
)s(fZ                                   (57) 
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

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ξ

ω
+

ξ+
ω

+
ξ−






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
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

ω
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2
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2
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2
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3
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





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

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
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









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






ω+ωξ+





 −ξ

ξ

ω
+
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ω

+
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











ω
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2
d

2
ns
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2
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Take the inverse Laplace transform using Reference 1.  The relative displacement is 
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The relative velocity is 
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Note the previously derived relative velocity natural response term was applied in the 

derivation of equation (69) for simplicity. 
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The relative acceleration is 
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Note the previously derived relative acceleration natural response term was applied in the 

derivation of equation (70) for simplicity. 
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The absolute acceleration is 
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(71) 

 

The solution for t > T is the free vibration solution referenced to time T. 

 

 

 

 

 

As an aside, recall 
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zz2)t(yz 2
nn ω−ξω−−= &&&&&

                                                                               (73) 

 

Also, 

 

yzx &&&&&& +=                                                                                           (74) 

 

 

Substitute equation (73) into (74). 

 

 

zz2x 2
nn ω−ξω−= &&&                                                                            (75) 

 

 

Equation (80) is simple for computer programming purposes. 

 

Note that equation (75) is valid for both the base excitation duration and the free 

vibration duration. 
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APPENDIX A 

  

 

Partial Fraction Expansion 
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