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Two-degree-of-freedom System

The method of generalized coordinates is demonstrated by an example. Consider the
system in Figure 1.
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Figure 1.

A free-body diagram of mass 1 is given in Figure 2. A free-body diagram of mass 2 is
given in Figure 3.
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Figure 2.

Determine the equation of motion for mass 1.

ZF:mlxl

myXg = f1(t) + ko (X2 —x1) —kixq
myXg —ka(x2 —x1) +kyxg =f1 (1)
myXg +Ka(=x2 +x1) +kixg =f1(1)

mMpXq + (kg +Kp)xp —Kopxp =y (1)
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Figure 3.
Derive the equation of motion for mass 2.
D F=my%; (6)
moXo =f2 (1) —ka(x2 —x1) —k3x? (7)
moXo +ka(x2 —x1) +k3xp =2 (1) (8)
maX2 + (k2 +k3)xz —kaxg =fa (1) )
Assemble the equations in matrix form.
m 0 || X k1+k -k X f(t
1 XU|, Ktk 2 1| _[f® (10)
0 my|lXo -ko ko +ksz || X2 fo (1)

Decoupling

Equation (10) is coupled via the stiffness matrix. An intermediate goal is to decouple the
equation.



Simplify,

MxX+KX=F
where
m 0
M = 1
{0 m2:|
k1 +k -k
K = 1tK2 2
—k2 k2+k3

x|
I
1

X1
X2

E= |:f1(t)}
fa(t)

Consider the homogeneous form of equation (11).

MX+KX=0
Seek a solution of the form

X =qexp(jot)

The q vector is the generalized coordinate vector.

Note that
X = jogexp(jot)

% = -0 gep(jot)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)



Substitute equations (17) through (19) into equation (16).
— 0 Mgexp(jot) + Kgexp(jot) =0
2 M 1m s w LN =
{—0) Mg+ Kq }exp(Jwt) =0

— 0’ Mg+Kg=0

——

-0 M+K7=0

K-0?Mfg=0

(20)

(21)

(22)

(23)

(24)

Equation (24) is an example of a generalized eigenvalue problem. The eigenvalues can

be found by setting the determinant equal to zero.

det|K — 2 M|=0

k1 +k -k 0
det 17K2 2 —0)2 M1 =0
-ko ko +k3 0 my

det (k1+k2)—(02m1 —k2 , -0
—k2 (k2+k3)—0) mo

kkl + k2)—o)2m1Jl(k2 + k3)—(02m2J— k22 =0

(25)

(26)

(27)

(28)



(kl + kz)(kz + k3)—032m1(k2 + k3)—(02m2(k1 + k2)+ co4m1m2 —k22 =0
(29)

mimy ot +[-my(kp +kg)-mao(Kky + ko o? +Kiks + (K +k3)ko +koZ —kp2 =0

(30)
mimo 0)4 + [— ml(kz + k3)— m2(k1 + kz)](nz +kikz +kiko +kok3 =0 (31)
The eigenvalues are the roots of the polynomial.
2
2 —b—-+Vb“ —4ac
= 32
“1 2a (32)
2 —b+vb?2 —4ac
0y = (33)
2a
where
a=mimy (34)
b=[-my(kz +k3)-ma(ky +k2)] (35)
C= k1k2 + k1k3 + k2k3 (36)
The eigenvectors are found via the following equations.
2 — —
{K—(D]_ M}ql_o (37)
2 _ _ —
{K—Q)z M}qZ—O (38)



where

— V1

a1 = _vj (39)

d; = Vvl} (40)
W2

An eigenvector matrix Q can be formed. The eigenvectors are inserted in column
format.

Q=[m dy] (41)
Q:|:V1 Wl} (42)
Vo W2

The eigenvectors represent orthogonal mode shapes.

Each eigenvector can be multiplied by an arbitrary scale factor. A mass-normalized
eigenvector matrix Q can be obtained such that the following orthogonality relations
are obtained.

Q"TMQ=1 (43)
and

Q'KQ=0 (44)
where

I is the identity matrix
Q is a diagonal matrix of eigenvalues

The superscript T represents transpose.



Note the mass-normalized forms

A Vi Wq
Q= { " } (45)
V2 W2
QT:{A A} (46)
W1 W2
Rigorous proof of the orthogonality relationships is beyond the scope of this tutorial.
Further discussion is given in References 1 and 2.
Nevertheless, the orthogonality relationships are demonstrated by an example in this
tutorial.
Now define a generalize coordinate n(t) such that
X=Qm (47)
Substitute equation (47) into the equation of motion, equation (11).
MQ#+KQM=F (48)
Premultiply by the transpose of the normalized eigenvector matrix.
Q"MQH+Q" KON =Q'F (49)
The orthogonality relationships yield
- — ATE
If+QOM=Q" F (50)



The equations of motion along with an added damping matrix become

B ] M
0 1flfiz] [ 0 2802]ln2] | 0 of |ln2] (W1 Wa2llf2(®)

(51)
Note that the two equations are decoupled in terms of the generalized coordinate.
Equation (51) yields two equations
. : 2 . .
A1+ 28 011+ oy n1=V1f (1) + Voo (1)
(52)
. : 2 ~ -
N2+ 282 w1 2+ w5 M 2= W1y (t) + Wofo ()
(53)

The equations can be solved in terms of Laplace transforms, or some other differential
equation solution method.

Now consider the initial conditions. Recall

X =Qn (54)

Thus
X(0) = QW (0) (55)

Premultiply by QT M.

QT Mx(0) = QT MG7(0) (56)

Recall

QTMQ=1 (57)



Q" Mx(0) = 11(0)
~ T _ =
Q" Mx(0) =mn(0)
Finally, the transformed initial displacement is
—n_ AT a1o
n(0)=Q" Mx(0)
Similarly, the transformed initial velocity is
- _ AT =
1(0)=Q" Mx(0)

A basis for a solution is thus derived.

Half-Sine Force

Now consider the special case of a half-sine force applied to mass 2.

f1(t)=0
fo(t)=Bosin(Bt), fort<T
where
B=n/T
Thus,
. . 2 ~ .
i1+ 261 1M1+ o n1= V2B sin(Bt)

) . 2 A :
fl 0+ 26 1 2+ w4 M 2= W By sin(Bt)

Take the Laplace transform of equation (64).

) . 2 :
fi1+ 281 M1+ o) n1= V2B sin(Bt)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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} L2 A :
'—{'11+ 281 M1+ oy n1}= L{U2B sin(Bt)}

s2711(s) —sn1 (0) ~11(0)
+ 281 m18M1(8) — 2E3 w1171 (0)

2 4 N
{32 + 281 1S + mp }111(5) =V7B») -
s+

}+

N1(s) =

VoBo

B
S +B2

2, -
+0, n1(s) = VZBZ{ 2

B

p

s +B

2}+{S+2i1w1}n1(0)+ﬁ1(0)

{s + 221 1 1 (0) +11(0)

{S + 281 ™S+ op }

il

32+B2

{82 + 281 0SS+ cor% }

=

{52+2§1@15+(0r%}ﬁ1(5)—{5+2&1031}”1(0)—111(0) = \7252{ 5

(67)

(68)

(69)

(70)

(71)
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The solution is found via References 3 and 4. The inverse Laplace transform for the
first modal coordinate is

ni(t) =

VoB)

[(BZ —wf)z +(2E..1B®1)2}

+

{ -[2&10 B]cos(ﬁt)—[ﬁ2 0! ]sin(ﬁt)}

UpBo| —— |exp(-&ent)

©41

{(BZ —wf)z (2 poy)?

+exp(- ilwlt){n 1(0) COS(COd,lt)+ {hl(o) (G n1(0) }Sin(@d,lt)} ’
0d1

—+

} {[2@1031 ® d,1:| cos(co d,lt) + {BZ _— ? ﬁ— 2,2 )}sin(md’ltj}

fort<T

(72)
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Similarly,

na(t) =
WoB)

Kﬁz—w§)2+@azﬁwzﬁl

+

{ -[2820 B]cos(ﬁt)—%[ﬁz - oa22 }sin(ﬁt)}

W2B) P
4,2

Kﬁz—w§)2+@a26w2F]

exp (- Epmpt)

+

{%2‘”2 COd,2} COS(@d,ztj + {52 — 02 2 (l‘ 2, )}Si“(‘”d,zt)}

+ exp (— azmzt){n 2(0) cos(oadlzt)+ {h 2(0)+ (iz ©2 )ﬂ 2(0)}sin(md,2t)}

0d,2
fort<T
(73)
The physical displacements are found via
x=Qmn (74)

Free Vibration

Fort>T and t=tT

n1(t) = exp (- Egone ){m(T) cos(iog17)+ {‘“(T) + (&1‘°1)‘"1(T)}sin(wd,1r)} (75)
®©d1

nzﬂ)=eﬂﬂ—i2®21%nzﬁ)uﬁ@wzt)+{h2(n+(§2m2h2(n}ﬁ”@wzf%) (76)
®©d,2
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APPENDIX A

Example

Consider the system in Figure 1 with the values in Table A-1.

Assume 5% damping for each mode. Assume zero initial conditions.

Table A-1. Parameters
Variable Value Unit
mq 3.0 Ibf sec”2/in
mo 2.0 Ibf sec”2/in
K1 400,000 Ibf/in
ko 300,000 Ibf/in
k3 100,000 Ibf/in
Bo 100 Ibf
T 0.011 sec

The mass matrix is
mg O 30
M = = (A-1)
0 my 0 2

The stiffness matrix is

K — k1+k2 —k2
Bl —k2 k2+k3

700,000  —300,000
(A-2)
—300,000 400,000

The analysis is performed using a Matlab script.
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>> twodof half sine force

twodof half sine force.m ver 1.0 January 18, 2012
by Tom Irvine Email: tomirvine@aol.com

This script calculates the response of a two-degree-of-freedom
system to a half-sine force excitation at dof 2.

Enter the units system
1=English 2=metric
1
Assume symmetric mass and stiffness matrices.
Select input mass unit
1=1bm 2=1bf sec”2/in
2
stiffness unit = 1lbf/in

Select file input method
1=file preloaded into Matlab
2=Excel file

Mass Matrix
Enter the matrix name: m two

Stiffness Matrix
Enter the matrix name: k two
Input Matrices

mass =
3 0
0 2
stiff =
700000 -300000
-300000 400000

Natural Frequencies

No. f (Hz)
1. 48.552
2. 92.839

Modes Shapes (column format)
ModeShapes =

0.3797 -0.4349
0.5326 0.4651
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Enter the damping ratio for mode 1 0.05
Enter the damping ratio for mode 2 0.05

Particpation Factors =

2.

204

-0.3746

Enter
Enter

Enter
Enter

Enter
Enter

Enter

Enter

dof 1

min=

the
the

the
the

the
the

the

the

force amplitude (1lbf) 100

half-sine pulse duration (sec) 0.011
first initial displacement (in) 0

second initial displacement (in) 0
first initial velocity (in/sec) O

second initial velocity (in/sec) 0

sample rate (samples/sec) 10000

analysis duration (sec) 0.15

displacement (in)
max= 0.0003287

-0.0003149

dof 2 displacement (in)
max= 0.0005005

min=

-0.0003728
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DISPLACEMENT

0.0010
Mass 2
Mass 1
0.0005
T
(@)
Z
= 0
o
2]
&)
-0.0005
-0.0010
0 0.05 0.10 0.15
TIME (SEC)
Figure A-1.
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Figure A-2.



VELOCITY
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Figure A-3.
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ACCELERATION
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Figure A-4.
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