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Two-degree-of-freedom System

Consider a two-degree-of-freedom system, as shown in Figure 1. Free-body diagrams are

shown in Figure 2.
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Determine the equation of motion for mass 2.

D F=my (1)
mp Xp = Cp(X1—X 2 )+ kp (X1 =X 2) 2)
mp %2 +Co(x 2 —X1)+kp (x2-x1)=0 @3)

Determine the equation of motion for mass 1.

ZF=m1 X1 (4)
my X1 =—C2(Xg —X2)+c1(-X1)—k2 (X | =x2) +K (-X]) (5)
m1 X1+02()'(1—)'(2)+C1)'(1+k2 (X1—-x2)+ky x1 =0 (6)
my Xq +(cy +¢2 %1 —coxp + (ki +k2)x| —kpxp =0 @)

Assemble the equations in matrix form.

m 0 || X1 N C1+C2 —C2 | X1 N ki +ko —ko ||l X1 _ 0 ®)
0 mo|| X2 ) C2 || X2 -ko ko || X2 0

Represent as

MX+CX+KX=F 9)
m 0
M{ 1 } (10)
0 mop
C C —C
C:|:1+ 2 2} (11)
—-C2 €



ki+ko -k
K — { 1+k2 2} 12)
-k kg
0
F= 13
o 3
Consider the undamped, homogeneous form of equation (9).
MX+KX=0 (14)
Seek a solution of the form
X = gexp(jot) (15)
The q vector is the generalized coordinate vector.
Note that
X = jo gexp(jot) (16)
% = —0? gexp(jot) (17)
Substitute these equations into equation (14).
—0°M gexp(jot)+ K gexp(jot) =0 (18)
{—m2M+ K}qexp(joat):ﬁ (19)
{—m2M+K}q:6 (20)
IK-0?M|g=0 (21)



Equation (21) is an example of a generalized eigenvalue problem. The eigenvalues can
be found by setting the determinant equal to zero.

det| K —0?M [ =0 (22)
det{ {k“ k2 - kz}—mz{ml 0 H 0 23)
—ko Ko 0 myp
der) (k1+ka)- o’m - k% 0 24)
- k2 k2 —® My
l(kl + kz)— wzmlJ[kz — (Dzsz— k22 =0 (25)
— 0)4m1m2 + 0)2[— m2(k1 + k2)— m1k2]— k22 + k2(k1 + k2) =0 (26)
4 2 2 2 _
—® MMy +® [— m2(k1+k2)—m1k2]—k2 +kiko + ko= =0 (27)
- 0)4m1m2 + 032[— m2(k1 + k2)— m1k2]+ kiko =0 (28)

The eigenvalues are the roots of the polynomial.

2 —b—4 b2 — dac (29)

® = 2a




2_—b+\/ b2 — dac (30)

0)2—

2a
where
a=mmy (31)
b =[~ma(ky + ka)—mgka] (32)
¢ =Kkqiko (33)

The eigenvectors are found via the following equations.

{K-0:2M|g1=0 (34)
{K—mZZM}qFﬁ (35)
where
_ V1_
aL = [Vz (36)
G2 - m @)

Q=[ @l 2 ] (38)
Q{Vl Wl} (39)
Vo W3

The eigenvectors represent orthogonal mode shapes.

Each eigenvector can be multiplied by an arbitrary scale factor. A mass-normalized
eigenvector matrix Q can be obtained such that the following orthogonality relations are
obtained.



OTKO=0
where
superscript T represents transpose
| is the identity matrix
Q is a diagonal matrix of eigenvalues
Note that

T |1 V2
Q :{A A }
W1 W

Rigorous proof of the orthogonality relationships is beyond the scope of this tutorial.

Further discussion is given in References 1 and 2.

Now define a modal coordinate n(t) such that
x=QT

Substitute equation (44) into equation (9).

MOR +COM+KOM =F

Premultiply by the transpose of the normalized eigenvector matrix.

Q™MAH+QTcQn+Q KT =QTF

(40)

(41)

(42)

(43)

(44)

(45)

(46)



The orthogonality relationships yield
1 7+QTcor+on=Q"F (47)

Furthermore, the following assumption is made.

T oA~ [2& 0
QToqn =| "™ (48)
0 28w
where &; is the modal damping ratio for mode i.
L R B ) B B A
0 1f[ii2 0 2% w2 n2] | 0 wp2|n2) [W1 W2][0
(49)
o el TS s el o
0 1][f2 0 2&w2]n2] | 0 wy?|n2] [0
(50)
The two equations are now decoupled in terms of the modal coordinate.
fig +2& @1 g + w12 M =0 (51)
fip +2&2 02 M2 +@p% N2 =0 (52)
Take the Laplace transform.
L%ﬁ1+2§1®1 1+ 012 m =0 (53)



52 f1(5)-sn(0)- 11 (0) + 2&0018 A1 (5) ~ 2£001m (0) +w)” Ay (6) =0

[s2 + 2610184 07 | 7(6) - 1(0) - s+ 26101 }n(0) =0

{52 +2ti015t 0,7 |19 =1(0) + 5+ 22100000

1 : S+ 281
: §O+ fs+2810 :
ST + 281015+ o) } {s + 281015+ o) }

n(0)

n(s) =
{

Consider the denominator.

s? + 2& 1S+ 0312 =(s+&1m )2 + (1— <‘,12 )0)12

2
5% + 280018 + oy = (5+&107)% + o1

Let

od1 = 1-&° o))

By substitution,

{s+ 2810}
s+E101)% + o1

= S70)+ S|10)

s+E101 ) +od1

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)



s+ 26101 |
)+ codlz}

0= > 210 1(0) (62)

s+E101)” + g1 s+&1m

Take the Inverse Laplace transform.

n1(t) =exp(- &1 o1 t) {m(O) cos(mgy t)+ ‘Didl [£101m1.(0) +112(0)Jsin(eq1 t)}

(63)

N1(t) =1 ogexp(-E1 g t) {m(O) cos(wgy t)+ @idl[amm(m +11(0)]sin(eoqy t)}

+exp (- &1 o1 t) {- 0g1n1 (0)sin(ogy t)+ [E101n1(0) + 111 (0)|cos(wgy t)}

(64)
2() = exp (— _ —S1op - -
n(t) =exp(-&1 wlt){ od1n1(0) + ot [&1601111(0)+n1(0)]}sm(wd1t)
+exp (- &1 o1 )1 (0) cos(wgy t))
(65)

.2 2 ~ -
n1(t) = exp (- &1 o1 t)H— od1 + “a et }m(o) a0 }Si”((ﬂdl t)
od1 od1

+exp (- &1 o1 )1 (0) cos(wgy t))
(66)
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Similarly,

A

x=Qm
The displacements are

x(t) = vimp (t) + wino(t)

x2(t) = v2mt) +w2n2(t)

Now consider the initial conditions. Recall

]

X=Q

Thus

Premultiply by QT M.
QT Mx(0)=4" MG 7(0)

Recall

n2(t) =exp(-&2 2 t){nz(O) cos(mg2 t%@[iz@znz@) +12(0)]sin(wg2 t)}

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)
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Finally, the transformed initial displacement matrix is

7(0)=Q" M%(0) (77)

Similarly, the transformed initial velocity is

7(0)=QT M(0) )

A basis for a solution is thus derived.
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APPENDIX A

Alternate System

Figure A-1.

13



ks (-X2) C3 (-X2)

L L.
||

K2 (X1-X2) c, (%, —X,)

Figure A-2.
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Determine the equation of motion for mass 2.

ZFZ mo Xo (A-1)
My X = ColX 1= X 2 J+C3(=X2)+ka (X1 =X 2)+k3 (-X3) (A-2)
my Xo +Cz(>'< 2 —X1)+03(5<2)+ Ky (X2 —X1)+kz(X3)=0 (A-3)
m2 XZ +(C2 +C3)X2—C2X 1+(k2+k3)X2—k2X1:O (A-4)

Determine the equation of motion for mass 1.

ZF: My Xq (A-5)
m, 5<1 = _Cz(X1 _X2)+C1(_X1)_k2 (Xl _Xz)"‘ k1 (_Xl) (A'G)
mq X1+02()'(1—)'(2)+C1)'(1+k2 (x1—%x2)+ky; x1 =0 (A-7)
mq X1+(C1+02))'(1—02)'(2+ (k1+k2)xl—k2X2:O (A-8)

Assemble the equations in matrix form.
mq 0 Xl N Cq1+Co —Co Xl N k1+k2 —k2 X1 _ 0
0 mo Xz —Co Co +C3 XZ —k2 k2 +k3 X9 B 0

The problem can now be solved as shown in the main text.
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APPENDIX B

Example
mo |
|
mq
« %
S0 S
m; = 2.0Ibm
my = 1.0lbm
Ky = 15,000 Ibf/in
ko = 10,000 Ibf/in

Assume 5% damping for each mode.

The initial displacement is

0.01in
0.02 in

X1

X2

The initial velocity is zero for each mass.

16



Assemble the equations in matrix form.

mp 0 || X ki +ky -k 0
1 _>_<1 LKtk 2 || X1 |_ (B-1)
0 Mo || Xo —k2 k2 X9 0
{2/ 386 0 }[xl} { 25,000 —10,000}{x1} {0}
o |t = (B-2)
0 1/386]xp| |-10,000 10,000 |[x2| |O

The results are shown in Figure 1.
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Figure B-1.

TIME(SEC)

The response was calculated using Matlab script: mdof_free.m

Natural Frequencies

No.

f(Hz)

199.47
424.51
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