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Two-degree-of-freedom System

Consider the system in Figure 1.
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Figure 1.

A free-body diagram of mass 1 is given in Figure 2. A free-body diagram of mass 2 is
given in Figure 3.
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Figure 2.

Determine the equation of motion for mass 1.

ZFzmlxl

mpXy =f1(t) +ko (X2 —x1) —Kkixg
myXg —Ko (X —x1) +kgxg =11 (t)
MyXg + Ko (=X +X1) +kgxq = f1 (1)

myXy + (kg +K2)xg —Koxo =f1(1)
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Figure 3.
Derive the equation of motion for mass 2.
D F=m3 %7 6)
maXp =—ka(x2 —x1) (7)
maX2 +ka(x2 —x1) =0 ®)
MoXo +kKoXo —Koxq =0 9)

Assemble the equations in matrix form.

mp 0 || Xq N ki +ko —ko || X1 3 f1(t) (10)
0 my|lXo -ko kKo || X2 | o

The homogenous form is

mp 0 || Xq N ki +ko —ko |l X1 _ 0 (11)
0 my|lXo —ko Ko || X2 0



Seek a solution of the form

X =qexp(jot)

The q vector is the generalized coordinate vector.

Note that

X = jogexp(jot)

;(:—mzﬁ

exp(jot)

The generalized eigenvalue problem is

k1+k2
_k2

—ka| om0 J||o1 o
ko }(D {0 mzmw}m(]wt)_o

ki +ko =k 0
det 1+K2 2 |_ o2 mj _0
—k2 k2 0 mo

2
det k1+k2—co mq —k2 -0
mp

—kyp Ky — 02

(kl + Ko —mzml)(kz —(Dzmz)— k22 =0

k1k2 + k22 —(,02m1k2 —0)2m2k1 —0)2m2k2 +m4m1m2 =0

0)4m1m2 -

2(m1k2 +mokq + m2k2)+ kiko =0

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)



oo4m1m2—oaz[mlk2+m2(k1+k2)]+ kiko =0 (21)

The eigenvalues are the roots of the polynomial.

2
2 —b-+b“ -4ac
- 22
®q o2 (22)

—b+\/b2—4ac

0f = = (23)

where
a=mqmo (24)
b=—[mikz +ma(ky +k2)] (25)
c=kiko (26)

Frequency Response Function

Let
f1(t) = R exp( joot) (27)
x1(t) = Xg exp( joot) (28)
X2 (t) = X2 exp( joot) (29)



— o”myXg exp( jot)+ (kg +kp)Xq e ( jot) -k X, e ( jot) = R exp(jot)  (30)
—m2m1X1+(k1+k2)X1—k2X2 =F1 (31)

l(k1+k2)—®2m1JX1—k2X2 =k (32)

Recall the equation for mass 2.

moXo +Koxo —Koxq =0 (33)
—o)2m2 X2 +k2X2 —k2X1 =0 (34)
[kz —m2m2 ij —k2X1 =0 (35)
Ko
S (36)
k2 —(Dzmz
By substitution,

k,?

[(k1+k2)—®2m1]xl—mxl =h (37)

l(kl +Kk3) —mzmlnkz ~0’my jxl —ka®Xq = Fl[kz ~o’my J (38)

{[(kl +Ky) —mzmlJlkZ —w’m, J— % }xl = Fllk2 —w’m, J (39)



N Alke—o?my |
. [(k1+k2)—0)2m1“k2 —w2m2 J—k22

X_ . kg —w’m, .
R (kg + ko) —0?my [l —02my |-k,?

ﬁ k2—0)2m2
R ko2
kl 1+k72—0\)2ﬂ k2—0)2m2 :I_L
kq kg kq
kqX Koy — 02
181 2~ My

= 2
1+k72_w2ﬂ k2—co2m2 ]—ki
kq kq kq

k1X1 k2—m2m2

E
I e
1 1 2 1

1 1+k—2—m2ﬂ 1—0)2m _ke
kq kq ko | kg

(40)

(41)

(42)

(43)

(44)

(45)



Let

2 Kk

P11 T,

2 kp

®22 Ty,

By substitution,
ki Xy _
Rk
02
X1 = ki
1 k
L2

(46)

(47)

(48)

(49)

(50)



Fl k_2 2 © JZ _Q
Xz_lkz—wzsz'ﬁ {1 ti—(oﬁl] Hl—(mzz .
2
()]
L 2 ﬂ ko
X9 = k]_ Kk i 1_[ _k
| |:k2 Z}mz [ ki_(wllJ ]{ 022 1
msy

0222F kg
Xo =

b (o T

R /kg

- 2
wj
- ®22

(51)

(52)

(53)

(54)



X, = Fi/kg
k ® 2 ® 2 k
TR
ky (o171 ®22 kq

Note that for ®=wy9 =,ko/my ,

X1 =0

Xo =—F ko

The force actingon mp is: —F

(55)

(56)

(57)

(58)
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Figure 4.

TRANSFER MAGNITUDE
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The curve in Figure 4 is taken from equation (50).

Let
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Figure 5.

The natural frequencies are shown as a function of mass ratio in Figure 5.

System with Damping

The derivation for a system with damping is given in Appendix A.
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APPENDIX A

Two-deqgree-of-freedom System with Damping

Consider the system in Figure A-1.

Figure A-1.

A free-body diagram of mass 1 is given in Figure A-2. A free-body diagram of mass
2 is given in Figure A-3.
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Figure A-2.

Determine the equation of motion for mass 1.

Y F=miXg (A-1)
mqxq = f1(t) +c (ko —x1)+ ko (X2 —x1) —kqx1 (A-2)
Mm% —c(Xp —Xq)—Ko (X2 —X1) +kgxg =i (t) (A-3)
m15<1+c(—>'<2 +X1)+ k2(—X2 +X1)+k1X1 =f1(t) (A-4)
M1Xq +CX1 —CXp + (K1 +Ko)x1 —koxo =T (t) (A-5)
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Figure A-3.

Derive the equation of motion for mass 2.

ZFzmz X9
MoXo =—c (X —Xq)—ko (X2 —x1)
MaXp +C(X2 —X1)+ka(x2 —x) =0

MoXo +CXo —CX1 +KoXo —Koxq =0

Assemble the equations in matrix form.

% mlal e Sl L

(A-6)
(A-7)
(A-8)

(A-9)

(A-10)
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The homogenous, undamped form is

m 0 X1 N ki +ko —ko
0 my|l Xy -ko Ko

Seek a solution of the form

X =qexp(jot)

The q vector is the generalized coordinate vector.

Note that
X = jogexp(jot)

X = -0 gexp(jot)

The generalized eigenvalue problem is

ki+ka —kp| o/mp 0 (||ag o
{ —k2  kp }w {0 mz}[%}m(]mt)_o

X1

X2

ki+ko -k 0
getd| KL K2 2|_,2|M _
-ko Ko 0 my
k1+k2—0)2m1 —k2
det 5 =0
—k2 k2—0) mo

(k]_ + k2 —mzml)(kz —O)Zmz)— k22

0

H

0

0
0

|

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)
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kiko + k22 —cozmlkz —0)2m2k1 —0)2m2k2 +m4m1m2 =0

co4m1m2 —mz(mlkz +mokq + m2k2)+ kiko =0

0)4m1m2 —0)2[m1k2 + m2(k1 + kz)]+ kiko =0

The eigenvalues are the roots of the polynomial.

5 —b-+b?—4ad
(Dl =
2a

—b+vb? —4ad

2 _
®2 = 2a
where
a=mimo
b=—[miky +my(ky +kp)]
d=kqko

Frequency Response Function

Let

f1(t) = R &p( jot)

x1(t) = Xg exp( joot)

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

(A-25)

(A-26)

(A-27)

(A-28)
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X

2(t) =X exp( jot)

- @2m1x1 exp( jot)+ jocXq exp( jot)+ (kg +ko)Xq exp(jot)

— jocX 2 exp( jot)— ko X exp( jot) = F exp( jot)

—0)2m1X1 + jocXq + (k1 +ko)X1 —jocXos —koXo =F

(k1 +Kp)—w2my + jcocJXl —[ky +joc]Xs =F

Recall the equation for mass 2.

MoX9o +CXo —CX1 +KoXo —Kox1 =0

—©°My X + jcwXp +kpXo — jcwXp —kpXq =0

lkz —(Dzmz + jC(x)sz —[k2 + jCO)]X]_ =0

(A-29)

(A-30)

(A-31)

(A-32)

(A-33)

(A-34)

(A-35)

(A-36)
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By substitution,

[(kl +kp)—w?my + ij]xl

kz[kz + jco]

[kz ) m2 +jC0)J

X1=h

[(kl +kp)—w?my + jcw“kz —0’my + jcwjxl —Kkolks + jcXq

(A-37)

= Fl[kz —Q)Zmz +jCO)]

{[(kl +kp)—w?my + ijJ[kg —0’my + jch— Kolkp + jcw]}xl

(A-38)

= Fl[kz —c02m2 + jco

F1|k2 ® m2 +jCOJ|

]

2

|k2 ® Mo +ch|

(k1 +ko2)—o m1+jCcoJlk2 0)2m2+jC0)J k2[k2+]CCO]

X —
E_[(k1+k2) ® m1+chJ[k2 ® m2+jCcoJ ko[ko + jco]
X1 |k2 (02m2+j00)|

1 k {{1+k2
k1

w2M
k1

ke o]

—& 4+ ]1—
kq J

kq

|

(A-39)

(A-40)

(A-41)

(A-42)
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1 {1+k2—0)2 ml+jcw}[k2 —0%m, +jcw]— k2|:k2+jcm}
kq kq kg kq kg
(A-43)
kqXq |k2—(02m2+j00)|
1 kg ki ko “ka kg kg
(A-44)
1—0)2ﬂ+jc—w
kq1X1 ko ko
R [“ 2_.2Mm ,cw}{l_ 2 my ,—cwsz jcw}
kq kq kg ko ko kg Ky
(A-45)
Let
2 kg
=1 A-46
“11 T, (A-46)
2 ko
=—= A-47
“22 =, (A-47)
(02 Cm
1_ .
0,2 k2
kiX1 _ 22
F1 2 ®2 Cw 2 . co ko .co
I+ — 4 |[l-——+j— || =+ ]—
Ko 2 k|| 0,2 k| Lk ke
(A-48)
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Let

w2 (A-49)
mp
k o) 2
_2:“(@) (A-50)
kq 11
2
1- ® +jc—w
kX1 _ “22
2 2
! 22 (02 .Co 0)2 . Co 22 .Co
r
11 o4 1 0, 2 11 1
(A-51)
kiX1
a1
2
1- ® 3 + CZ(D
2 Wy M2
[0} 2 2 C 2 C (O} 2 C
1+”[ 22] S| | P R u[ 22] L] e
*11 ©11 ©;1 M2 2 0yp M2 *11 ©;1 M2
(A-52)
Let
C
mpy
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(A-54)
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Figure A-4.

Equation (A-54) is plotted in Figure A-4 for a particular case.
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