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Introduction

Consider the single-degree-of-freedom system in Figure 1.

Figure 1.

where
m is the mass
c is the viscous damping coefficient
k is the stiffness
x is the absolute displacement of the mass
y is the base input displacement

A free-body diagram is shown in Figure 2.
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Summation of forces in the vertical direction

Y F= mk (D
mX =c(y —x) +k(y —x) )
mX+cx +kx =cy+ky 3)
i+ (c/m)x + (k/m)x =(c/m)y+(k/m)y (4)
(c/m) = 2&wy )

(k/m) = a2 (6)

where ,, is the natural frequency in (radians/sec), and ¢ is the damping ratio.

K+ 280 X + Wy 2x = 28w Y+ Wy 2y (7)

The base input displacement y is the unit step function u(t). The base input velocity is the
Dirac delta function &(t).

Multiply the base input displacement by a scale factor D for a more general solution,
even though the goal is to solve for a unit impulse.

X+28wp X + wnzx = 28w, DY(t) + oanz Du(t) )

Now take the Laplace transform.

L{X‘+ 28wy X + wg x} = L{ 2800, D&(t) + Wy 2 Du(t) } 9)

52 X(s) - sx(0) — x(0)

+ 28w sX(s) — 26wy x(0)
2
+w2X(s) =280, D+ 0D
S

(10)



2
{52 +2Ewns+wn2}X(s)+{—]}X(0)+{ -s—28wg x(0) =28w, D+ “n”

S

2
{52 +28wps + wnz}X(s) =x(0) +{s + 2Ewn} x(0) +2&w, D + “n D
s

2
{52 +28wp s +03n2}X(s) = sx(0) + x(0) +2&wy, [x(0) + D] + “n”
S

sx(0) X0+ 28wy [x(0) +D] W 2D ‘

X(s) =+ 2 +2Ewns+03n2} S{s2 +2E°~)nS+0“)H2}

{sz +28wps + wnz} {s

Consider the denominator term,
2 2 — 2 2 2
sT+28w,s W, —(S+E&h) +w, —(EQJ
2

# oo bt vl -2)

Now define the damped natural frequency,
Wy = W1 &

Substitute equation (17) into (16),

5% +28ns +wp? = (s + & )% +ag?

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)



Substitute equation (18) into (14).

Koo SO x©+%;[x©+D] @D
(+Eon ) +og>  (+Eon ) +og> s +Ewn )’ +wg?)

X(s) = (s+8wn Jx(0) , %(0)+Ewnx(0)+28wyD  wy?D
(+Eon) +wg®  GrEon P rwg®  s{s+Ea ) +ogl)

Perform partial fraction expansion per Appendix A.
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+§oon
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, X(0) + &6y x(0) +28wp D

+ (,0d2

X(s) =

wn? )5 | on? Js+Ewy ) +g?

(s+&wn )% +0g?

(s+&wn )% + g

(s + 2800y )

X(s) = S KO) KO +Eanx(0)
(s+8wn)* +og® (s +&wn)* +ag?
lp s —Ds
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Take the inverse Laplace transform using standard tables.

(s+8wn x(0) , %(0) +&nx(0)

X(s) =
(s+Ewn)? +og?  (s+Ewy)?

+ (,od2

1 —Ds
+-D +
S (s+Ewy)? +wg?

(24)

x(t) =
+ exp(— Ewnt){[ﬁwnx(O)] cos((,odt) + {X(O) * Ewnx(O)} sin((,odt)}

Wd

+ D u(t)

—Dexp(—awnt){cos(wdt){ “Eon }m(wdt)}

Wd
(25)
x(t) =
+ exp(— Ewnt){[ﬁwnx(O)] cos((,odt) + {X(O) * E%X(O)} sin((,odt)}

Wq

Wd

‘D {um —exp(—awnt){cos(wdt){ ~5on }in(wdt)}}

(26)



Example

Consider a single-degree-of-freedom system with a natural frequency of 100 Hz and 5%
damping. The system has zero initial velocity and zero initial displacement. The system

is subjected to a unit displacement at t = O+, which is multiplied by a coefficient of D = 1

mm. The response is shown in Figure 3.
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APPENDIX A

Partial Fraction Expansion

; ! + (A-1)
s{s +€0n )2 + g2 (s +Eeop )2 + g2

1 _A Bs+C
S

és{(s +Ewy )2 +(,od2} + Bs +2C 5 s{(s +Ewy )2 +cod2} =1 (A-2)
s (s + & )" +oyg
A{(s+Ewn)2 +cod2} + BsZ +Cs=1 (A-3)
52 +28w,s +03n2 =(s +Ewn)2 + cod2 (A-4)
A2+ 28ans + o2 [+ Bs2 +Cs =1 (A-5)
{A+Bs? 4 28w, A +¢ s +Aw, 2 =1 (A-6)
A+Bs2 =0 (A-7)
{A+B
2EwnA+Cs=0 (A-8)
{ ¢
Awy? =1 (A-9)
A :;2 (A-10)
Wn
-l
B=—F (A-11)
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